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CHAPTER I  
INTRODUCTION
Follow ing th e  i n i t i a l  q u a n t i ta t iv e  a n a ly s is  by E in s te in  in  
1936, an e x te n s iv e  body o f  l i t e r a t u r e  on th e  g r a v i ta t io n a l  le n s  phenomena 
has appeared^^ B r ie f ly ,  th i s  phenomena can be d e sc rib e d  as fo llo w s .
I f  a  m assive o b je c t  (o f te n  r e f e r r e d  to  as a  le n s  o r  d e f le c to r )  i s  
s u i ta b ly  p o s it io n e d  betw een an o b se rv e r and a source  o f  e lec tro m ag n e tic  
r a d ia t io n ,  two p a r t ic u la r ly  in te r e s t in g  th in g s  may o cc u r . F i r s t  o f  a l l ,  
two images o f  th e  so u rce  may be observed , and secondly  th e  lu m in o sity  o f 
the  so u rce  may b e  la r g e r  th an  i t  would be in  th e  absence o f  th e  d e f le c to r .  
The s i t u a t i o n  i s  d e p ic ted  in  F ig . 1.
Image
Source
 *O bserver ImageD e fle c to r
F ig u re  1. The g r a v i ta t io n a l  le n s  s i tu a t io n  in  w hich two images 
o f  th e  so u rce  a re  formed.
S i tu a t io n s  have been  in v e s t ig a te d  i n  which th e  d e f le c to r  and 
so u rce  a re  s ta r s ^ * ^ * ^ * ^ ^ * ^ ^ \ th e  d e f le c to r  and so u rce  a re  g a la x ie s  
5 » 7 ,8 ,1 0 ,1 1 ,1 2 ,1 5 ,1 7 )  ^ d e f le c to r  i s  a  g a la s ^  and th e  so u rce  a
supernova o r  a  quasar^  and v ario u s  o th e r  com binations
However, i n  a l l  cases ( to  my knowledge) b o th  d e f le c to r  and so u rce  have 
been assumed to  be  s p h e r ic a l ly  symmetric b o d ie s .  This i s  o f  co u rse  
very  re a so n ab le  f o r  th e  s i t u a t i o n  in  which th e  d e f le c t in g  body i s  a  s t a r ,  
b u t  may n o t  be  so  re a so n a b le  when th e  d e f l e c to r  i s  taken  to  be a  galaiq^ 
s in c e  th e  la rg e  m a jo r ity  o f  g a la x ie s  a re  f l a g r a n t ly  n o n -s p h e r ic a l .  
However, th e  m a jo rity  o f  g a la x ie s ,  b e in g  e i t h e r  s p i r a l  o r  e l l i p t i c a l  in  
t h e i r  g e n e ra l s t r u c tu r e ,  do e sd iib it a  h ig h  degree  o f  c y l in d r ic a l  
symmetry. I t  would th e re fo re  be o f i n t e r e s t  to  in tro d u c e  a  < ^ l in d r ic a l ly  
sym m etric d e f le c to r  in to  th e  m athem atical a n a ly s is  o f  th e  g r a v i ta t io n a l  
le n s  phenomena and to  se e  w h eth er any i n t e r e s t i n g  o b se rv ab le  r e s u l t s  
ensue.
I t  w i l l  be  th e . p u rp o se  o f  t h i s  p ap e r  to  c a rry  o u t t h i s  l a s t  
s t a t e d  co u rse  o f  a c t io n .  The model f o r  th e  d e f le c to r s  i s  to  be chosen 
so  as to  p ro v id e  a  re a so n a b le  re p re s e n ta t io n  o f  a very  f l a t  e l l i p t i c a l  
o r  a  s p i r a l  g a lax y , b u t  i s  to  be siuq>le enough to  a llow  a su rv ey ab le  
a n a ly s is  o f  th e  le n s  phenomena a s so c ia te d  w ith  such an o b je c t .  From 
th i s  a n a ly s is ,  an e x p re ss io n  fo r  the  in c re a s e  i n  lu m in o sity  o f  th e  images 
o f th e  so u rce  i s  to  be o b ta in e d , and in  c a se s  where th e  double 
im aging phenomena o c c u rs , an e x p ress io n  f o r  th e  a n g u la r  s e p a ra tio n  o f 
the  two images as seen  by th e  o b serv er i s  to  be  o b ta in e d . F in a l ly ,  an
ex p re ss io n  f o r  th e  f r a c t io n  o f  s o u rc e s , lo c a te d  a t  a  p a r t i c u la r  re d -  
s h i f t  from th e  o b s e rv e r , which would be e3q>ected to  e iA ib i t  double 
images i s  to  be o b ta in e d . These th re e  e x p re ss io n s  shou ld  then  be  
s u f f i c i e n t  Lo d isc u s s  th e  o b s e rv a b i l i ty  o f  a  double image e v e n t.  In  
p a r t i c u l a r ,  th e  s i t u a t io n  in  w hich th e  so u rces  a re  q u a s i - s t e l l a r  
o b je c ts  i s  to  b e  examined.
CHAPTER I I
ŒOMETRY OF THE GRAVITATIONAL LENS PHENOMENA
A b r i e f  o v e r a l l  p ic tu r e  o f  th e  le n s  phenomena w i l l  now be 
p re s e n te d , and some u s e fu l  r e la t io n s  betw een i n t r i n s i c  g e o m e tric a l 
q u a n t i t i e s  w i l l  be w r i t t e n  down f o r  l a t e r  u se .
G eom etrical R e la tio n s
L e t  "O ", " d " ,  "S" deno te  o b se rv e r , d e f le c t in g  m ass, and 
so u rc e  r e s p e c t iv e ly ,  and l e t  D^^, b e  th e  d is ta n c e s  from
o b se rv e r to  d e f l e c to r ,  from o b se rv e r  to  s o u rc e , and from d e f l e c to r  to  
so u rce  r e s p e c t iv e ly .  These a r e .d is ta n c e s  by ap p a ren t s i z e  -  i . e . , i f  
dA i s  th e  c r o s s - s e c t io n a l  a re a  o f  a d is c  which i s  norm al to  a  l i n e  (n u ll  
geo d esic ) drawn from  th e  d is c  to  an o b se rv e r  and dO i s  th e  s o l i d  ang le  
sub tended  by dA a t  th e  o b se rv e r , dO=dA/D . L et "h" denote th e  minimum 
l i g h t  ray  to  d e f le c to r  d is ta n c e  (inq>act p a ra m e te r) , and l e t  "y" b e  th e  
p e rp e n d ic u la r  d is ta n c e  from th e  so u rce  to  th e  l i n e  drawn th rough 
o b se rv e r  and d e f l e c to r .  L et "a "  denote th e  t o t a l  an g le  th ru  w hich l i g b t  
i s  d e f le c te d  as i t  p a sse s  n e a r  d , and l e t  "g" denote th e  a n g u la r  
s e p a ra t io n  o f  th e  d e f le c to r  and th e  image o f  th e  so u rce  as seen  by th e  
o b se rv e r . By c o n s u lt in g  F ig . 2 , and assum ing th a t  th e  a n g le s ,  a ,  and g , 
a re  sm a ll s e v e ra l  r e l a t io n s  betw een th e se  q u a n t i t i e s  a re  a p p a re n t.
0od
os
F ig u re  2 , Geometry o f  th e  g r a v i ta t io n a l  le n s  phenomena.
I n  g e n e ra l ,  ' *y" can be esq iressed  as
y  '  - & Y  -  « i" d s  •Od
( I I - 1)
and in  th e  case  d e p ic te d  in  F ig . 2 w here two l i g h t  p a th s  e x i s t  betw een 
so u rce  and o b s e rv e r , a ls o  as
( I I -2 )
od
Obvious e x p re ss io n s  fo r  B a re
1 “od '
( I I - 3)
and
h ,
6 « *= TT—  . ( I I - 4 )
^  od
The l i g h t  d e f le c t io n  a n g le s , c j  and 0 2 » depend on ly  upon th e  i n t r i n s i c  
p r o p e r t ie s  o f  th e  d e f l e c to r ,  m ass, d im ensions, shape e t c . , and upon th e  
o r ie n ta t io n  o f  th e  d e f le c to r  w ith  r e s p e c t  to  th e  p a s s in g  l i g h t  r a y . The 
d is ta n c e s , D , ,  D , D. , however depend upon th e  p a r t i c u l a r  cosm olog icalOQ OS QS
model chosen to  r e p re s e n t  th e  u n iv e rse .
The Friedmann Models 
Only Friedm ann Cosm ological Models w ith  zero  p re s s u re  and 
cosm olog ical c o n s ta n t w i l l  be c o n s id e re d  h e re  -  a  b r i e f  review  o f  which 
w i l l  now b e  p re s e n te d . Hie: l i n e . e lem en t fo r  such models can be w r i t te n  
i n  th e  form .
ds^  = - c ^ d t^  + R ^(t) - r ^ ( s in ^ 0df^ +  d0^)
1-Kr'^
> »
w here K= + 1 , - 1 ,  0 ,  and R (t)  s a t i s f i e s  th e  Friedm ann e q u a tio n .
The s u b s c r ip t ,  z e ro ,  means th a t  th e  s u b s c r ip te d  q u a n ti ty  i s  to  be 
e v a lu a te d  a t  th e  p re s e n t  tim e and th e  q u a n ti ty  "p" i s  th e  mean mass 
d e n s ity  in  th e  u n iv e rse . From th e  c o n se rv a tio n  law  f o r  en erg y -
motnentum (T . = 0 ) , i t  fo llo w s t h a t  th e  tim e-dependence o f  p i s  
g iven  by
O o < V "
" — '
where p^=p ( t= 0) i s  th e  mean mass d e n s ity  o f  th e  u m v e rse  a t  th e  p r e s e n t  
epoch. From th e  d e f in i t io n s  o f  th e  Hubble C o n s tan t, H^, and th e  
d e c e le ra t io n  p a ram e te r, q ^ ,
■o
and
i t  fo llo w s th a t
^o 4irG %  *
and
o o
The c o n s ta n ts ,  and q ^ , a re  cu s to m arily  in tro d u c e d  because they a re  
g e n e ra lly  more s u s c e p t ib le  to  d i r e c t  o b se rv a tio n  than  a re  q u a n t i t ie s  such
8as and p ^ . Then, by d e f in in g  th e  q u a n t i ty ,  R^, by
“  '  3 c ' '
th e  s o lu t io n s  to  th e  Friedmann eq u a tio n  can be  w r i t te n  down as  fo llo w s. 
For K=0 o r  e q u iv a le n tly  q^= h»
R = ( |  ,
= ( i  H ,z o o
f 6r:K= + l .o r  e q u iv a le n tly  q^>%.
and f o r  R= -1  which i s  e q u iv a le n t to  th e  case  (o<q^<*s).
- s in h
In  th e s e  m odels, th e  r e d s h i f t ,  Z, o f  l i g b t  from  a d i s t a n t  so u rce  i s  
g iven  by
where t  and t^  r e f e r  to  " tim es"  o f  em ission and re c e p tio n  r e s p e c t iv e ly .
For th e  Friedmann models Eqs, ( I I - 1 ) , ( I I —2 ) ,  ( I I —3 ) , and 
( I I - 4 ) ,  can be w r i t t e n  in  term s o f  th e  comoving c o -o rd in a te s ,  r^  and r ^ ,  
o f  th e  so u rce  and d e f le c to r  r e s p e c t iv e ly  (c o -o rd in a te  system  c e n te re d  oc 
o b se rv e r) as
V s ‘ “i V s d  •
y  R &  V s  + “2 V s d  •a a
and
^
where " r  i s  th e  fu n c tio n  o f  r  and r , w hich when m u lt ip l ie d  by R sd  s o  s
g ives th e  d is ta n c e  by a p p a ren t s iz e  from so u rce  to  d e f le c to r .
G eom etrical R e la tio n s  in  ^  Friedmann Model w ith
The r e l a t io n s  betw een R and r  a re  s im p le s t f o r  a  model w ith  
q^=%, and fo r  th i s  re a so n , most o f  the  c a lc u la t io n s  in  l a t e r  c h a p te rs  
w i l l  be  done u s in g  t h i s  model. T herefo re  fo r  convenience, th e  
e x p ress io n s  f o r  y and 0 w i l l  now be w r i t t e n  down e x p l i c i t l y  fo r  t h i s  
model. By making use  o f  th e  r e l a t io n s .
’^ sd “  V ' d  *
10
and
M r)  = - 2 ^  ( ^ -  r )  ,
4c \ o o /
y and B could  b e  w r i t t e n  i n  term s o f e i t h e r  th e  ” r* s"  o r  th e  "R*s” ; 
how ever, i t  i s  more con v en ien t to  w r i te  them in  term s o f  th e  r e d s h if ts  
o f  th e  so u rc e , Z^, and o f  th e  d e f le c to r ,  Z^, s in c e  th e se  a r e  d i r e c t ly  
o b serv ab le  q u a n t i t i e s .  I h i s  can be done by s u b s t i tu t io n  o f  th e  r e la t io n s
o o '  / i+ z  I 
and
in to  Eqs, ( I I - 5) ,  (1 1 -6 ) , and ( I I - 7). Doing s o , we o b ta in
(1+Z,)^^^ ( / ï f Z  - I )  _ 2c(^l+Z„ - / i + z , )
y  =  i h j  2 -------------------- 3 / 2 — % = ----------- + -------------------------3 / 2  “ 1 2  •
' (1+Zg)^/^ ( / i+ Z ^ -1 )  H^(l+Zg)^' / ï+ z ^  *
and
3/2  
2c ( / î î ^  - 1 )
H (1+Z )
S . ,  = h .  ,  -2  S  . ( I I - 9)
where th e  upper s e t  o f  s ig n s  goes w ith  th e  s u b s c r ip t  1, and th e  lower 
w ith  th e  s u b s c r ip t  2, S u b s t i tu t io n  o f  Eqs. ( I I -  gD in to  ( I I -  @ allow s
11
y to  be ex p re sse d  in  terms o f  6 as
2 c8 2
y  =  ± --------- *------------^70—  + ----------------. . . . — Î—  .
H ^(l+Z g)^ ' ( 1+ Z g)^ '^
These r e la t io n s  w i l l  l a t e r  be  used to  e s tim a te  th e  an g u la r 
s e p a ra tio n  o f  double images (when they  o c c u r ) . B efore t h i s  can be done 
however, th e  bend ing  an g les  f o r  a  g iven  type o f  d e f le c t in g  mass must be  
c a lc u la te d . T his ta s k  i s  to  be  pu rsued  in  th e  fo llo w in g  c h a p te rs .
CHAPTER I I I
A CYLINDRICAILY SYMMETRIC MODEL FOR THE DEFLECTING MASS
S ch m id t's  Model o f  th e  Galaxy 
The model, to .b e  used  f o r  th e  d e f le c t in g  mass i s  a  s im p li f ie d  
v e rs io n  o f  one d ev ised  by Schmidt^^®* to  re p re s e n t o u r g a la :y .  
S chm id t's  m odel c o n s is ts  o f  a  c e n t r a l  p o in t  mass o f  approx im ate ly  
0 .0 7  X 10^^ s o la r ,  masses lo c a te d  a t  th e  c e n te r  o f  an o b la te  sp h e rio d
(o b ta in ed  by r o ta t in g  an e l l i p s e  o f  e c c e n t r i c i t y ,  e ,  about i t s  minor
a x is ) .  T h is  o b la te  sp h e rio d  i s  d i f f e r e n t i a t e d  in to  two c o n c e n tr ic  
re g io n s . The f i r s t ,  r e g io n , ex ten d in g  a lo n g  th e  m ajor a x is  from  zero to  
ten. Kpc, c o n ta in s  app rox im ate ly  0 .8 2  x  10^^ s o la r  masses (ex c lu d in g  
th e  p o in t  m a ss ) ,,  and th e  seco n d , ex ten d in g  from  te n  Kpc to  i n f i n i t y ,  
con ta in s  ap p ro x im a te ly  0 .9 3  x  10^^ s o la r  m asses. The amount o f  mass 
beyond f i f t y  Kpc i s  f o r  m ost purposes a  n e g l ig ib le  f r a c t io n  o f  th e  t o t a l .  
Eadi o f  th e s e  two re g io n s  i s  c h a ra c te r iz e d  by a  mass d e n s ity  fu n c tio n  
which i s  c y l in d r i c a l ly  sym m etrica l abou t th e  r o ta t io n a l  a x is  o f  th e  
o b la te  s p h e r io d ;  i . e . ,  th e  model i s  composed o f an i n f i n i t e  nim her o f  
e l l i p s o id a l  s h e l l s  and th e  mass d e n s ity  i s  c o n s ta n t o v er each  e l l ip s o id a l  
s h e l l .  L e t w b e  th e  c o -o rd in a te  fu n c tio n  i n  th e  d i r e c t io n  o f  th e  m ajor 
a x is  and z th e  c o -o rd in a te  fu n c tio n  in  th e  d i r e c t io n  o f  th e  r o ta t io n a l
a x is  (see  F ig .  3 ) .  The e q u a tio n  o f  an e l l i p s o i d a l  s h e l l  o f  sem i-m ajor
a x is ,  a ,  and e c c e n t r i c i t y ,  e ,  i s
12
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-  1
=  1
a  ( l - e  )
F ig u re  3. O blate  S pheriod .
I f  th i s  s h e l l  l i e s  w ith in  th e  f i r s t  reg io n  (o<a<10Kpc), th e  mass d e n s ity  
o f  th i s  s h e l l  i s  taken  as
p = 3.930x10^ ~  -  0.02489x10^a  ,
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and i f  th e  s h e l l  l i e s  w ith in  th e  second reg io n  (a> 10K pc), th e  mass 
d e n s ity  i s  ta k e n  to  b e
p -  14.492x10^^ ,
a
w here "a"  has  u n i t s  o f  Kpc. and "p" has  u n i ts  o f  s o l a r  masses p e r  cub ic  
Kpc. H ie mass o f  an e l l i p s o i d a l  s h e l l  o f  th ic k n e s s ,  d a , i s  g iv en  by
dM = 4 a i^ -e ^  a^ p (a )d a  ,
a n ti  th e  mass i n t e r i o r  to  t h i s  s h e l l  (ex c lu d in g  th e  p o in t  mass) i s
/  2 ^ 2
M(a) = 4 a /lT e  /  p ( a )a  da .
Thus,, tihe mass i n t e r i o r  to  a  s h e l l  lo c a te d  in  th e  f i r s t  re g io n  (z e ro  
to  te n  Kpc) i s
M(a<10) = 4 r / l  e^  (1 .965a^  -0 .0062225a^)x l0^  + 0.07x10^^ ,
and f o r  one lo c a te d  i n  th e  second  reg io n
M(a>10) = 4ttÆ ?  (2 .79195 -  +  0.07x10^^ ,
where "a "  i s  i n  Kpc and " If ' i s  i n  s o la r  m asses. A ccording to  Schm idt,
/  2
th e  a x ia l  r a t i o ,  /1 -e  , f o r  o u r  galaxy  i s  app rox im ate ly  1 /20. This model 
f i t s  th e  e x p e rim en ta l d a ta  f o r  o u r galaxy q u i te  w e ll  g iv in g  a  t o t a l  mass o f 
approx im ate ly  1.8x10** s o l a r  m asses. The e l l i p s o i d a l  s h e l l  c o n ta in in g
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o u r sun  has  s e a l-m a jo r  a x is  o f  10 Kpc, a  mass d e n s ity  o f app rox im ate ly
9 . 110 .145  X 10 s o la r  m asses p e r  cu b ic  Kpc, and approx im ate ly  0 .9 1  x  10
s o la r  masses I n t e r i o r  to  t h i s  s h e l l .
D e f le c to r  >todel to  be Used In  the  C a lc u la tio n s  
In  o rd e r  to  f a c i l i t a t e  c a lc u la t io n s ,  th e  model to  be  u sed  f o r  
r e p re s e n tin g  d e f le c t in g  masses (g a la x ie s )  I s  a  good d e a l s im p le r  th an  
S c h m id t's . E s s e n t ia l ly  w hat w i l l  be done I s  r e p re s e n t  th e  d e f le c to r s  by 
S ch m id t's  f i r s t  r e g io n , zero  to  te n  Kpc. The c e n t r a l  p o in t  mass I s  
d isc a rd e d  and th e  mass d e n s ity  fu n c tio n  o f  an e l l i p s o i d a l  s h e l l  o f  
sem i-m ajor a x i s ,  a .  In  t h i s  re g io n  I s  s l r g i l l f l e d  to
p (a ) = 3 .9 3 0 -X 10^ I  .
The e x p re ss io n  f o r  th e  mass I n t e r i o r  to  t h i s  s h e l l  th en  becomes
M(a) = 4ttÆ ?  (1 .965 x  10^) a^ .
The model to  be  used  w i l l  have a  sem i-m ajor a x is  o f  te n  Kpc, and a  t o t a l  
mass o f  1 .23  x 10^^ s o la r  m asses. S chm id t's  mass d e n s ity  and th e  one 
used  h e re  a re  p lo t t e d  as a  fu n c tio n  o f  ra d iu s  In  F ig . 4 .
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CHAPTER IV
ASSUMPTIONS USED TO DERIVE THE LIGHT BENDING FORMULAE
In  1915 E in s te in ^ ^ ^ ^  dem onstra ted  t h a t  l i g h t  p a s s in g  n e a r  a 
s in g le  s p h e r ic a l ly  sym m etric m ass, m, a t  a  minimum d is ta n c e ,  h ,  shou ld  
b e  d e f le c te d  th r u  a  t o t a l  a n g le , a ,  g iv en  by
4GHa  * —g -
c  n
This r e l a t i v e l y  sim ple e x p re ss io n  allow s a  s t r a i g h t  forw ard 
a n a ly s is  o f  th e  g r a v i ta t io n a l  le n s  phenomena to  be  c a r r i e d  througjh i n  th e  
case o f  s p h e r ic a l  d e f le c to r s ;  how ever, i t  i s  th e  p u rpose  h e re  to  examine 
th e  c a se  o f  n o n - s p h e r ic a l  d e f le c to r s .  The m ajor o b s ta c le  i n  t h i s  case  
w i l l  b e  to  f in d  th e  a p p ro p ria te  l i g h t  bend ing  form ula f o r  d e f le c to rs  
p o s se s s in g  c y l in d r i c a l  r a th e r  than  s p h e r ic a l  symmetry. The id e a l  method 
f o r  f in d in g  such a  form ulae i s  to  a s s ig n  a  s tr e s s - e n e rg y  -  momentum 
te n s o r ,  T ^ ,  to  re p re s e n t  th e  d e f l e c to r s ,  s u b s t i t u t e  in to  th e  E in s te in  
f i e l d  e q u a tio n s ,
c
s o lv e  th e  f i e l d  e q u a tio n s  fo r  th e  m e tr ic a l  conqponents, g ^ ,  s u b s t i tu te  th e  
m e tr ic a l  components in to  th e  g eodesic  e q u a tio n s .
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j 2 a  r  T j b . c  d X , I a  I dx dx _ «
dX "  *
and s o lv e  th e se  e q u a tio n s  f o r  th e  n u l l  g e o d e s ic s . This p ro ced u re  tu rn s  
o u t to  b e  a  b i t  s t i c k y ;  however, so an a l t e r n a t e  method i s  s o u ^ t .
The L in e a r iz e d  Theory o f  G eneral R e la t iv i ty
S ince  th e  g e n e ra l th eo ry  o f  r e l a t i v i t y  i s  n o t  a  l i n e a r  th e o ry , 
th e  s u p e rp o s i t io n  o f  s o lu t io n s  to  o b ta in  a  s o lu t io n  i s  n o t  a  s t r i c t l y  
v a l id  p ro c e d u re ; how ever, i n  th e  l im i t  o f  weak f ie ld s  and f o r  v e lo c i t i e s  
mudi s m a lle r  th an  t h a t  o f  l i ^ t ,  p h y s ic a l  phenomena can b e  ad eq u ate ly  
d e sc r ib e d  by th e  l i n e a r  Newtonian g r a v i ta t io n a l  th eo ry . The c la s s  o f  
problem s d e sc rib e d  by a  l i n e a r  th eo ry  can b e  f u r th e r  ex tended  (beyond 
th a t  covered  by th e  Newtonian th eo ry ) by l i n e a r iz in g  th e  E in s te in  F ie ld  
e q u a tio n s . In  p a r t i c u l a r ,  t h i s  p ro ced u re  a llow s a  d e s c r ip t io n  o f  th e  
b eh av io u r o f  photons i n  a weak g r a v i ta t io n a l  f i e l d ,  a s  opposed to  th e  
Newtonian g r a v i ta t io n a l  th eo ry  which excludes photon b e h a v io u r. S ince 
th e  th e o ry  i s  l i n e a r ,  an ex p re ss io n  f o r  th e  d e f le c t io n  o f  l i g h t  by a  non- 
s p h e r ic a l  o b je c t  can b e  o b ta in e d  by in te g r a t in g  th e  r e s u l t s  f o r  a  
p o in t  m ass. This w i l l  be th e  co u rse  o f  a c t io n  fo llow ed  i n  t h i s  p ap e r.
A d e ta i l e d  d e s c r ip t io n  o f  th e  l in e a r iz e d  th eo ry  i s  g iven  in  
many t e x t  books*, th u s  only  a  b r i e f  review  w i l l  be g iv en  h e re .  Assume 
th a t  i n  a  weak g r a v i ta t io n a l  f i e l d ,  th e  m e tr ic a l  con ço n en ts , g^^, can be 
w r i t te n  as  th o se  o f  f l a t  Minkowski sp a c e , q ^ ,  p lu s  a  sm a ll p e r tu b a t io n ,  
h ^ :  I . e . . ,  as
(21)
*See Bergmann
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8ab = %ab +  hab '
where*
/ -
"ab "
0
1
0
0
S u b s t i tu t in g  th e  above i n  th e  f i e l d  e q u a tio n s  and n e g le c t in g  second 
o rd e r  term s in  h ,  g ives
** [ ’'•ab  ” ^ ''ab .cd  "  *‘ac ,bd  "  *^c,ad^
-  " a b " " ' ("cd '*ce .d f> ] '  Tab '
By choosing  a p p ro p ria te  c o -o rd in a te  sy s tem s, and by assum ing th a t  th e  
dominant p a r t  o f  i s  due to  th e  mass d e n s ity  o f  th e  so u rc e , th e  
l in e a r iz e d  f i e ld  eq u a tio n s  ran be  f u r th e r  s im p l i f ie d  to
* L a tin  in d ic e s  run  0 ,1 ,2 ,3  and Greek in d ic e s  run  1 ,2 ,3 .
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where " y”  i s  r e l a t e d  to  by
^âb  “ '■ab -  '
and
*‘*  = l f a b : - ’» 'ab^ •
Then r e q u ir in g  th e  l in e a r iz e d  theo ry  to  be  com patib le  w ith  th e  
Newtonian th e o ry  when th e  l a t t e r  i s  a p p l ic a b le ,  in q ilie s  t h a t  th e  f i e ld  
e q u a tio n s  must: reduce to
— 4vGp ,
w here i s  t h e  N ewtonian p o te n t i a l .  In  o rd e r  t h a t  t h i s  b e  s o ,  i t  i s  
n e c e s sa ry  t h a t
__ ^
^ o o  2 •c.
The " h ^ "  m ust th en  b e  r e l a t e d  to  th e  Newtonian p o te n t i a l ,  by
hoo = -  . n v - i )
c
and
21
By s u b s t i tu t in g  th e  l in e a r iz e d  "g^^" in to  th e  geo d esic  e q u a tio n s ,  we 
o b ta in  th e  " l in e a r iz e d  g eo d es ic  e q u a tio n s" .
V  K c . i ' V c ]  •
where u* i s  th e  ta n g e n t v e c to r  to  th e  p h o to n 's  p a th  in  Minkowski sp a c e , 
and u^+v^ i s  th e  ta n g e n t v e c to r  to  th e  p h o to n 's  p a th  in  th e  weak 
g r a v i ta t io n a l  f i e l d .  I d e n t i f y in g  th e  " h ^ "  w ith  th e  Newtonian p o te n t i a l ,  
1^ , as  in  E qs, ( IV -1) and (IV -2) im p lie s  t h a t
dv^
ax - V  [ “ b c * 'd - « b d * > c j
F or p h o to n s , n^Uj^u^=0 and — = 1. T h e re fo re , Eq, (IV -3) above can 
be w iritten  as
\  ^  \  [  2 'b c* 'd  ■ 'b d * 'c  ]  " ® •
K AFor p h o to n s , ô^^u u = 2 , and th e  s p a t i a l  p a r t  o f  th e  l in e a r iz e d  g eodesic  
e q u a tio n s  i s  e x p re ssa b le  as
= 2u“ (^,pU^ -  2* ,*  .
T his e q u a tio n  can be  in te r p r e te d  as sa y in g  t h a t  th e  photon s u f f e r s  no 
a c c e le r a t io n  in  th e  d i r e c t io n  o f  i t s  m otion , b u t  f e e ls  one p e rp e n d ic u la r  
to  i t s  m otion g iven  by
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The t o t a l  a n g le , a ,  th ru  which l i g h t  i s  b e n t as  i t  p asses  n e a r  a  p o in t 
mass i s  g iven  app rox im ate ly  by
o -  \ / c  ,
where ^  can b e  o b ta in e d  by in te g r a t io n  o f  This im p lie s  t h a t  th e
bending an g le  i s  g iv en  by
2.
From th i s  e x p re ss io n  i t  fo llow s th a t  l i g h t  p a s s in g  a d is ta n c e ,  h ,  from a 
p o in t: m ass,. m, w i l l  b e  b e n t th ru  a t o t a l  a n g le , a ,  g iven by
a - i f  .
c n
From t h i s  r e s u l t  i t  sh o u ld  then  be p o s s ib le  to  f in d  the  b en d in g  ang le  fo r  
an extended body by s u p e rp o s itio n  p ro v id ed  th e  l i n e a r  th eo ry  i s  
a p p lic a b le ;  i . e . ,  p ro v id ed  th e  g r a v i ta t io n a l  f i e l d  a s s o c ia te d  w ith  such 
a  body i s  weak.
C r i t e r i a  f o r  _a Weak F ie ld  
A c e r t a in  amount o f  a n h iq u ity  i s  in h e re n t  in  d e te rm in in g  
w hether a  f i e l d  i s  weak o r  n o t .  For a  s i t u a t i o n  d e sc rib e d  by th e  
Schwarzs c h i ld  l i n e  e lem en t,
+ r W e d * V r V .s 1 _2_ I . 20{
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2GMth e  f i e l d  i s  s a id  to  be weak I f  th e  q u a n t i ty ,  —^  , i s  sm a ll coiq>ared to
c r
o n e , s in c e  th e  l i n e  elem ent approaches t h a t  o f  Minkowski sp ace  as th is  
q u a n ti ty  goes to  z e ro . For e x an p le , th e  f i e l d  o f  th e  su n  i s  g e n e ra lly  
co n sid e red  to  be  weak, s in c e  f o r  i t
2GM^  ,
-5-2- = 2 x 1 0 " ' ,
where and a re  th e  mass and ra d iu s  r e s p e c t iv e ly  o f  th e  su n . Assume 
th a t  th e  same ty p e  o f  c r i t e r i a  i s  v a l id  f o r  d e te rm in in g  th e  weakness o f 
f i e ld s  due to  n o n -sp h e r ic a l m asses; i . e . ,  i f  a  c h a r a c t e r i s t i c  mass 
d iv id e d  by a  c h a r a c t e r i s t i c  le n g th  o f  th e  system  (where mass and le n g th  
a re  ex p ressed  i n  th e  same u n i ts )  i s  sm a ll co c^ared  to  one, th e  f i e l d  due 
to  such an o b je c t  w i l l  be assumed to  be weak. The b o d ies  c o n s id e re d  h e re  
w i l l  be  g a la x ie s  s im i la r  to  our own; th u s ,  th e  c h a r a c t e r i s t i c  mass w i l l  
b e  =1.8x10^^ s o la r  masses and th e  c h a r a c t e r i s t i c  le n g th  w i l l  b e  e i th e r  
10 Kpc o r  0 .5  Kpc. For 10 Kpc,
^  = 1 .4 x 1 0 '' , 
c r
and f o r  0 .5  Kpc
^  =3.4x10"* , 
c r
- i n  e i t h e r  c a se , a  sm all nunher coiq>ared to  one. The im p lic a t io n  i s  t h a t  
th e  g r a v i ta t io n a l  f i e l d  a s s o c ia te d  w ith  a  g a la s^  such as o u r own i s  weak 
and th u s  th e  l in e a r iz e d  E in s te in  th eo ry  i s  a p p l ic a b le ,  which i n  tu rn
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means t h a t  th e  l i g h t  bending  around such an o b je c t  can be  found by 
superim posing  th e  bend ing  due to  each  l i t t l e  p ie c e  o f  th e  body.
CHAPTER V
THE LIGHT BENDING FORMULAE FOR A RING
P roceed ing  under th e  assum ptions d isc u sse d  i n  th e  p receed in g  
c h a p te r ,  th e  d e f le c t io n  s u f f e r e d  by a  l i g h t  ray  p a s s in g  n e a r  a  r in g  o f  
m ass, H (a)d a , and r a d iu s ,  a ,  can be c a lc u la te d  by s u p e rp o s i tio n  o f  th e  
ben d in g  an g les  due to  each p ie c e  o f  th e  r in g .  Begin by choosing a 
r e c ta n g u la r  c o -o rd in a te  system  ('3c,ÿ,z) such th a t  "z "  i s  a long th e  a x is  
o f  c y l in d r ic a l  symmetry, and th e  y - z  p lan e  i s  p a r a l l e l  to  th e  l i g h t  ray  
o f  i n t e r e s t  ( se e  F ig . 5 ) ,  The fo llo w in g  q u a n t i t i e s  a r e  n ecessa ry  f o r  
th e  c a lc u la t io n :
r  = v e c to r  from c e n te r  o f  r in g  to  an a r b i t r a r y  p o in t 
on th e  r in g ,
^  = v e c to r  o rth o g o n a l to  th e  l i g h t  r a y , and ex ten d in g  
from  i t  to  th e  c e n te r  o f  th e  r in g ,
Ç = v e c to r  o rth o g o n a l to  th e  l i g h t  r a y ,  and ex ten d in g  
from  i t  to  th e  t i p  o f  r ,
i  = u n i t  v e c to r  i n  d i r e c t io n ,
j  = u n i t  v e c to r  i n  th e  ÿ - d i r e c t io n ,
k  = u n i t  v e c to r  in  th e  z - d i r e c t io n ,
Y = a n g le  betw een th e  z -d i r e c t io n  and th e  l i g h t  ra y ,
è  = u n i t  v e c to r  p o in t in g  along  l i g h t  r a y ,
« s in y j  “  cosyfc,
^ = u n i t  v e c to r  o rth o g o n a l to  i  and ê ,
= COSY] + sinylc,
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X
F ig u re  5 . L ig h t p a ss in g  n e a r  a  r in g  o f  
r a d iu s ,  a ,  and mass M (a)da.
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X = e  • r ,
X = d is ta n c e  from  y - z  p lan e  to  l i g h t  r a y , 
h  = p r o je c t io n  o f  5  on to  y -z  p la n e ,  
ÿ = an g le  betw een r  and x -a x is .
From th e s e  d e f in i t io n s  i t  fo llo w s th a t
By c o n s u lt in g  F ig . 5 ,  i t  i s  obvious t h a t
hP +  x i  +  Xe + g - r  = 0  ,
which im p lie s  t h a t  g can b e  w r i t te n  as
^ ^
Ç = r-h P -x i-X e
From th e  d e f in i t io n  o f  r  we can w r i te
r  = aco sÿ i + asin<^j
S u b s t i tu t io n  th en  a llo w s g to  be w r i t te n  as
$  = (a c o s ÿ -x ) î  + (a s in * co sy -h )p  + (asim ^sinY -X )e , 
which red u ces to
l |  = ( a c o s ^ x ) i  +  (asim ^cosY -h)p ,
s in c e  ç»e=0. The t o t a l  a n g le , o ^ , th ru  w hich l i g h t  p a s s in g  n e a r  th e  
r in g  w i l l  be  b e n t  i s  g iv en  approxim ately  by
28
4GM(a)da_ 2 2irC a
*=2n
t - t
<^ =0
(V-1)
which fo llo w in g  s u b s t i tu t io n  f o r  g becomes
2ir
(a c o sè -x ) i + (asin*cosY -h)p_ 4 Q l(a )d a
2 ti<? x^+h^+a^-2a(xcos«j>+hsini^cosY)-a^sin^(j)sin^Y
d(f> (V-2)
The in te g r a t io n  f o r  th e  g en e ra l case as g iven  by Eq, (V-2) appears  r a th e r
d t f f i c u l t ;  th e r e fo re ,  two s p e c ia l :c a s e s  w i l l  be c o n s id e re d .*  F i r s t ,  i f  th e
l i g h t  ray  i s  co n ta in ed  in  the  y -z  p lan e  (x= 0), Eq. (V-2) s in g i l i f i e s  to
Z-n
 (acosYsin(t>-h)Î  ( ^ )  = ^ ( 4 4 =
2irc 2 2 2 P *(h-acosYsin4>) +a cos ÿ
and, th e  in te g ra tio n  can now be done by th e  method o f re s id u e s . Doing so
g ives
a ^ (^ O )  = -<
4GM(a)da
c"a » W a ) 2 + sin ^ '
(-p ) i f  h/a>coSY, i . e .
i f  l i g h t  passes  o u tside
r in g ,
(V-3)
i f  h/a<cosY, i . e .
i f  l ig h t  passes in s id e  rin g .
The second  s p e c ia l  case to  be co n sid e red  i s  th e  s i t u a t i o n  f o r  which h~0 
and xfO; i . e . ,  th e  case  f o r  which l i g h t  i n t e r s e c t s  a  r a d i a l  l i n e  o f
*The in te g r a t io n  f o r  th e  g e n e ra l c a se , Eq, (V -2 ), has  
re c e n tly  been accom plished.
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th e  r in g  o r th o g o n a lly . In  t h i s  case  th e  g e n e ra l form ula f o r  th e  l i g h t  
bending s im p l i f ie s  to
'2ir
a^(h=0) ^ 4GM(a)da
2irc^
(acos*-x)
2 2 2 2 2 X +a -2 a(x co s(^ )-a  s in  $ s in  y
1 .
and as b e fo re  th e  in te g r a t io n  can be accom plished by th e  method o f  
re s id u e s .  The r e s u l t in g  e x p re ss io n  f o r  a^(h=0) i s
o^(h=0) = ■<
4(31(a) da
i^ x /a )^ “ Sin^Y
(-1 )  i f  x>a, i . e . ,  i f  l i g h t
p asse s  o u ts id e  th e  r in g ,
(V-4)
i f  x<a, i . e . , i f  l i g ^ t  
p asse s  in s id e  th e  r in g .
D e riv a tiv e s  o f  Bending Angles f o r  ^  Ring 
In  a  l a t e r  c h a p te r  i t  w i l l  be  n e ce ssa ry  to  c a lc u la te  and 
e v a lu a te  a t  x=0 th e  d e r iv a t iv e s  w ith  r e s p e c t  to  "x" and "h" o f  c e r ta in  
q u a n t i t ie s  r e l a t e d  to  o ^ . The la b o r  in v o lv ed  in  t h i s  c a lc u la t io n  can 
be reduced by n o tin g  th a t
-»•
3 a ,  1 3ar  1 r
3h x=0
The d em o n stra tio n  o f  th e  v a l i d i t y  o f  t h i s  r e l a t io n  i s  to  be now
undertaken . R e tu rn in g  to  Eq. (V -2), we f in d  th a t  
f2n
Ü Î
dx
4GM(a)da -1  J  ^  2 a c o s* ((a c o s* -x ) i + (a s in * c o sy -h )p )
{ }
{  r
dÿ
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and e v a lu a tio n  a t  x=0 le a d s  to
f2lT
Ü !
dx
— 4GM(a)da 
s=0 2irc^
2 2 2 a cos *-(h-acosYSint) *
{
(V-5)
(2a cosYsin<ÿcos (ÿ-2 ahcos <^ ) -• 
{ ^
dô
where
2 2 2 { } = (h-asim ^cosy) + a cos 4>
D if f e r e n t ia t in g  w ith  re s p e c t  to  h ,  we f in d  th a t  
2tt
^“ r  4GM(a)da -1  * ^  (2h-2asin*cosY ) ( (aco s(ÿ-x)i+  (a s in ÿ c o sy -h )p }
T ~ }  {
w ith  e v a lu a tio n  a t  x= 0  le a v in g
Ü 2
a h
* 4GM(a)da 
30=0 2irc^
2v
( 2a^cosYsini^cos(^-2ahcosi  ^ * — 2{ y
2 2 2 a cos * - (h -  acosYS ini|i) *
{
(V-6)
By making th e  s u b s t i t u t i o n ,  f in d  th a t
s in *  = -  cos*  , 
cos* = s in *  ,
2 2 2 { } « (h+acosycos*) +  a  s in  * ,
and we n o te  t h a t  { } i s  sym m etric in  * ; i . e . ,  {+*} = {-*}.
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We a ls o  f in d  th a t  under th e se  s u b s t i tu t io n s  Eq. (V-5) becomes
5
3x 'x=0
= 4GM(a)da 
2 t((?
2 2 2 (a  s in  iir-(hfacosYCOSTl>) r
{
+ 2asin<tr2acos -ysintj/cos il> *
{ }
and Eq. (V-6) becomes
dh l3e=0
4GM(a)da
2
2 t t c
2 22asini!r2a cos Ysinilicosi!» r
{ f
2 2 2 a  s i n i ! r (h + a c o s y c o s il / )
{ } ^
We now observe th a t th e  i  component o f 3a^/ 3x and the  p conçonent
of 3a^/2hj x=0 are  sym m etric i n  ÿ , and th a t  th e  p component o f
3o^ /3 x | ^ q and th e  i  conçonent o f  3 ^ / 3 h |^ g  a re  an ti-sy m m etric  in  ij). 
T h e re fo re , o v e r an i n t e r v a l  o f  2tr th e  a n t i—sym m etric terms v an ish  in  
th e  in te g r a t io n  le a v in g
3 X x=0
AGM(a)da 
2 ttc^
2 2 2 a s in  (h+acosycos il»)
( f
and
3h x=0
4GM(a)da a^sin^^,,-(h+acosy cos>{i)l
( f
T h e re fo re , as in d ic a te d ,  th e  r e l a t io n  between th e  d e r iv a t iv e s  i s
3a. ® V 5*'lx=0 (V-7)
CHAPTER VI
THE LIOIT BENDING FORMULAE FOR A FLAT CIRCULAR PLATE
Having found how a  l i g h t  ray  i s  d e f le c te d  when i t  p a s se s  n ea r  
a  r in g ,  i t  i s  t h e o r e t ic a l ly  p o s s ib le  (assum ing l i n e a r i t y )  to  f in d  the  
d e f le c t io n  f o r  l i ^ t  p a s s in g  n e a r  an o b la te  sp h e rio d  by in te g r a t io n -  
p ro v id ed  t h a t  th e  a p p ro p r ia te  mass d e n s ity  fu n c tio n  i s  known. In  
p r a c t ic e  how ever, th i s  becomes an unwieldy ta s k  w ith  no g u aran tee  th a t  
th e  answers w il l l  have enoug)i s im p lic i ty  to  make them su rvey  a b le . The 
f a c t  t h a t  many g a la x ie s , ,  in c lu d in g  o u r own, have an e c c e n t r ic i ty  very  
n e a r  one p ro v id e s  an a l t e r n a t iv e  -  th a t  o f  r e p re s e n tin g  th e  d e f le c t in g  
masses by f l a t  p l a t e s  r a th e r  th an  o b la te  s p h e r io d s . This a l t e r n a t iv e  
a llow s a  m easure o f  s i n p l i c i t y  to  be in tro d u c e d  w ith o u t d e s tro y in g  th e  
in h e re n t  c y l in d r i c a l  symmetry o f  th e  d e f le c t in g  m asses.
Mass D ensity  o f  the  P la te  Model 
In  o rd e r  to  f in d  th e  v a rio u s  bend ing  form ulae f o r  t h i s  f l a t  
p l a t e  model o f  a  g a lax y , i t  i s  n ecessa ry  to  c o n s tru c t  a  mass d e n s ity  
fu n c tio n  fo r  th e  p la te s .  A tte n tio n  w i l l  now be d i r e c te d  toward th i s  
o b je c t iv e .  F i r s t  assume th a t  th e  mass d e n s ity  fu n c tio n  i s  c y l in d r ic a l ly  
sym m etric. Then assume t h a t  th e  most re a so n ab le  mass d e n s ity  f o r  a 
p l a t e  can be o b ta in e d  by p r o je c t in g  a l l  th e  mass o f  th e  o b la te  sp h e rio d  
m odel, d isc u sse d  in  C hapter I I ,  onto a f l a t  c i r c u la r  p l a t e  in  th e  
w -p lane. For an o b la te  sp h e rio d  of e c c e n t r i c i t y ,  e ,  sem i-m ajor a x i s .
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a ^ , and mass d e n s ity  p (w ,z ) , t h i s  p rocedure  y ie ld s  th e  fo llo w in g  
e x p re ss io n  f o r  th e  s u rfa c e  mass d e n s ity ,  o (w ), o f  a  f l a t  p l a t e :
a(u) =
r z = + «/(a (1 -e^ )
2irwp (w,z)dwdz 
ZiTwdw
= -  / ( a  ^ -0)^) (1 -e^ ) o
U sing
p (u ,Z ) =
• 4 ) 0 - ? ) + ?
w here "A" i s  some c o n s ta n t ( f o r  example 3.93>ilO ) ,  th e  e x p re s s im  fo r  
a  (w) becomes
/  2 2 a  + /a  -m/— -=■ -r r  
o(w) = 2 A /l-e ^  In  ---- ^
I f  th e  above mass d e n s ity  i s  v a l id  f o r  th e  e n t i r e  o b la te  s p h e r io d , then  
th e  t o t a l  mass o f  th e  o b la te  sp h e rio d , and thus th e  t o t a l  mass o f  th e  
f l a t  p l a t e ,  i s  r e l a t e d  to  A, e ,  and a^ by
M(a ) = 2va ^aX - ?  o o
Thus, th e  s u r f a c e  mass d e n s ity  fu n c tio n  can a ls o  be  w r i t te n  as
+ / a
ira (0
(V I-1)
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L ig h t P a ss in g  Through th e  R o ta tio n a l Axis o f  th e  P la te
The Bending Angle f o r  L ig h t P a ss in g  O utside th e  P la t e
U sing Eq. (V I-1) f o r  th e  s u r fa c e  mass d e n s ity ,  co n s id e r  th e  
case  in  which l i g h t  p a sse s  th ru  th e  r o ta t i o n a l  ax is  o f  th e  p l a t e ,  makes 
an a n g le , Y, w ith  th e  r o ta t io n a l  a x i s ,  and p asses  o u ts id e  th e  p la t e  
(se e  F ig , 6 ) .  U sing th e  p rev io u s  r e s u l t  f o r  a  r in g ,  th e  ex p re ss io n  f o r  
th e  d e f le c t io n  s u f f e re d  by l i g h t  in  t h i s  case  i s
2c s in y
g (a )a d a
/ f î l
(-P)
+ a
S id )s t i tu tio n  o f  th e  mass d e n s ity  p re s c r ib e d  by Eq, (V I-1) th en  g iv es
“p .o .
8GM(a^)
2 2 ,  c  s in y
a=a . /  2 2 + /a  - a
a  In a
^a=0
da (-p )
h
s in y + a
and perform ing  th e  in te g r a t io n  leav es  
8GM(a_)
-------- 2c a  s in y  o
s in •^ 1
a  s in y  o
2 , 2 , /  h  +a^ s in  y J
2 a^s in y In 1+
a  s in y ' o ’P:
where M(a^) i s  eq u a l to  th e  mass c o n ta in ed  w ith in  r a d iu s ,  a^ .
The two s p e c ia l  cases fo r  w hich Y=0 and Y=T /^2 a re  o f  some
2i n t e r e s t ,  and w i l l  now be examined. F o r Y*'f/2, / l - e  = 0 .0 5 , and
f  2
h = a  / l - e  ( i . e . ,  f o r  l i g h t  g raz in g  th e  p l a t e ) ,  o reduces top .o .
. 4GM(a )
«n « (XF=0,Y=V2) = (2 .8 5 ) ----- = -5 -  (-P ) ,P# O* c a
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and th i s  i s  approxim ately  2 ,9  tim es as la rg e  as th e  d e f le c t io n  s u ffe re d  
by l i g h t  g raz in g  a  sp h ere  o f  m ass, M (a^), and r a d iu s ,  a ^ . For Y=0
= 0 .0 5 ,  and h=a^ ( i . e . , f o r  l i g h t  g raz in g  th e  p l a t e ) ,  we f in d  th a t
4GM(a_)
a„  „  (x=0,Y=0) = 
P* c^a
(-P)
and th i s  i s  id e n t i c a l  to  th e  r e s u l t  o b ta in e d  f o r  l i g h t  g ra z in g  a  sphere
o f  m ass, M(a ) ,  and r a d iu s , a .o o
D e riv a tiv e s  o f  th e  Bending Angle fo r  L ig h t 
P ass in g  O utside  th e  P la te
The q u a n t i t i e s ,  3 a /3 x j^ Q  and 3 a /3 h j^ Q , w i l l  b e  re q u ire d  in
C hapter V II , For. th i s  reason  they  w i l l  be e v a lu a te d  h e re .  By d i r e c t
d i f f e r e n t i a t io n , ,  we f in d  th a t
3a_
ah
P . O . 4GM
2 2 2 x=0 c  a^ s in  y
In 1 +
Z Y
J
and u s in g  th e  r e s u l t s  o f  C hapter V Eq, (V -7 ), we f u r th e r  deduce th a t
2 1
f  a ^ s in y  )
In  1 +
da.
P . O .
dx
4GH
2 2 2 x=0 c a^ s in  y ( T : ) ( -1)
The Bending Angle fo r  L ig h t P a ss in g  Through th e  P la te  
I t  i s  w e ll known th a t  g a la x ie s  e id i ib i t  some degree o f 
tra n sp a re n c y ; i t  i s  th e re fo re  d e s ir a b le  to  assume tra n sp a re n c y  f o r  the  
f l a t  p l a t e  model used h e re  to  r e p re s e n t  a  ga laxy , and c a lc u la te  the  
bending form ulae fo r  l i g h t  p a s s in g  through  th e  p l a t e .  From th e  bending
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form ulae f o r  a  r in g ,  no d e f le c t io n  r e s u l t s  i f  th e  l i g h t  p a sse s  in s id e  the
r in g ;  th u s ,  f o r  l i g h t  p a s s in g  th ru  a  t ra n s p a re n t  p l a t e ,  on ly  th e  mass
in s id e  th e  c i r c l e  o f  r a d iu s : ' a  , (where *'a "  i s  th e  d is ta n c e  from  them m
c e n te r  o f  th e  p la t e  to  th e  p o in t  o f  in t e r s e c t io n  o f  l i g h t  and p la te )  
c o n tr ib u te s  to  th e  ben d in g  (shaded  p o r tio n  in  F ig , 6 ) .  Assume t h a t  th e  
im pact p a ra m e te r , h ,  i s  r e l a t e d  to  "a^" by
a   ---------------------------------- ,
IQ /  2 2 2^
/c o s  Y (1 -a  ) s i n
and t h a t  th e  mass d e n s ity  o f  th e  p la te  f o r  a  <a^ i s  g iven  by
o (a )  -  ^  Jn   .
ira ^ ^o
These assum ptions a re  tan tam ount to  th e  assum ption th a t  only  th e  mass 
w ith in  th e  o b la te  sp h e r io d  o f  e c c e n t r i c i t y ,  e ,  and sem i-m ajor a x i s ,  a^ , 
c o n tr ib u te s  to  th e  b en d in g  o f  th e  l i ^ t  (shaded p o r t io n  i n  F ig . 7 ),
That t h i s  i s  p ro b ab ly  n o t  s t r i c t l y  v a l id  can be  seen  by examining th e  case 
fo r  w hich Y=0 (se e  F ig . 7) -  th e  assum ption in  t h i s  case  b e in g  t h a t  only 
the sh ad ed  p o r t io n  o f  th e  o b la te  sp h e rio d  c o n tr ib u te s  to  th e  bending  
when i n  f a c t  a l l  th e  mass w ith in  th e  c y lin d e r  o f  r a d iu s ,  a ^ , c o n tr ib u te s .  
For th e  s i t u a t i o n  j u s t  d e s c r ib e d , th e  e x p re ss io n  f o r  th e  l i g h t  d e f le c t io n  
i s
c^a^^sin y
J. 7  2 2a=a a + /a _  - am , m m  a  In  ------------------
d a (-p )
U ^ t  p a s s in g  th ro u g h  an o b la te  sp h e rio d  
a t  a n g le , y .
l i g h t  p a s s in g  th rough  an o b la te  sp h e rio d  
f o r  th e  c a s e , y = 0.
F ig u re  7.
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Which in te g r a te s  to
 2 - yc a
"  s i „ - lsxny
a s in y
. /  h^+a ^ s l n \HI
2a s in y  m
In 1+ r  P (V I-2)
D e riv a tiv e s  o f  th e  Bending Angle f o r  L ig h t 
P a s s in g  Through th e  P la te
The e x p re ss io n  f o r  3 a /3 h |^ Q  can b e  e v a lu a te d  by d i f f e r e n t i a t i n g
Eq. (V I-2) d i r e c t ly  -  do ing  so  g ives
3a
3h x=0
8©I(a^)
2 2 . 2  c a^ s in  y
s i . - >
a  s in y  m
/ h^+ aT ^sinY
(V I-3)
21
> (“ P)
However, th e  e x p re ss io n  fo r  3 a /3 x |^ g  must b e  e v a lu a te d  in d i r e c t ly .  
T his i s  c a r r ie d  o u t in  th e  appendix , where i t  i s  found th a t
3a
3x
4(M(a ) 
 ^  In
x=0 2 2 . 2  c  a  s in  y o
1+
21
( - Î ) (Vl-i)
L ig h t M eeting a  R ad ia l L ine o f  th e  P l a t e  O rthogonally
Having o b ta in e d  th e  l i g h t  bending form ulae f o r  l i g h t  p assin g  
th ru  th e  r o ta t io n a l  a x is  o f  th e  p l a t e ,  th e  case  where l i g h t  in t e r s e c t s  
a  r a d ia l  l i n e  o f  th e  p l a t e  o r th o g o n a lly  (h=0, xfO) i s  to  now b e  c o n s id e red
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(see  F ig . 8 ) .  From th e  r e s u l t s  o b ta in e d  f o r  a  r in g  Eq. (V -4 ), th e  l i ^ t  
d e f le c t io n  i n  t h i s  ca se  i s  g iven  by
 g (a )a d aa  (h=0) =
^  c
(-1 ) (V I-5)
F ig u re  8. L ig h t m eeting  a  r a d i a l  l i n e  
o f  th e  p la t e  o r th o g o n a lly .
The Bending Angle fo r  L ig h t P a ss in g  O u ts id e  th e  P la te
I f  th e  l i g h t  p a sse s  o u ts id e  th e  p l a t e ,  s u b s t i tu t io n  o f  th e  
mass d e n s ity  s p e c i f ie d  by Eq. (V I-1) in to  (V I-5) g ives
" p .o /h - O )
8GM(a^)
2 2 , c s in y
■a=a. 2 2 + /a .  —a
a  In
da
/ ( i ^ )
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and in te g r a t io n  then  y ie ld s
s . ( h = o ) = . ! S *  1P . O . ------------------
O
^1- ~  siny^ln ^ 1- ^  s in y j  
^1 + ^  siny^ln 1 + ■”  sinyj
The Bending Angle fo r  L ig h t P ass in g  T h ro n g  th e  P la te
For l i g h t  p a ss in g  in s id e  th e  p l a t e ,  th e  same assungition  i s  made 
as  i n  th e  case  f o r  which 3^0 and hi^ O -  namely th a t  f o r  l i g h t  p a s s in g  th ru  
th e  p la te  a t  a  d is ta n c e ,  x , from th e  c e n te r ,  on ly  th e  mass co n ta in ed  
w ith in  an o b la te  sp h e rio d  o f  e c c e n t r i c i t y ,  e ,  and sem i-m ajor a x i s ,  x , 
c o n tr ib u te s  to  th e  l i g h t  ben d in g . Under t h i s  assum ption th e  mass d e n s ity  
can be w r i t t e n  as
a(a) = ^  In .
S u b s t i tu t io n  in to  Eq, (V I-5) th en  g iv es
a m8GM(a^)
. (h=0) =
P 'l "  c^a^^siny
1=0 J
da ,
s in y
and perform ing  th e  in te g r a t io n  then  y ie ld s  
4GM(a_)
p . i .
qu ^  j r  i
o • (h=0)  ------ =— =— — ( I - s i n y ) l n ( l - s i n y ) + ( l + s i n y ) l n ( l + s i n y )  £
P ' i '  c^a^^ s i n \  L J
IVo s p e c ia l  cases o f  i n t e r e s t  a re  y=ir/2 and y=0. For 
y=ir/2 and l i g h t  g raz in g  th e  edge o f  th e  p l a t e .
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4(M(a )
a  (h=0) = (1 .3 8 )  C-i) ,
and f o r  y=0
4GMCa ) 
o (h=0) = — 5-------  ( - i )
CHAPTER V II
THE BRIGHTENING OF IMAGES DUE TO FLAT PLATE DEFLECTORS
As m entioned in  C hapter I ,  th e  Lum inosity o r  " b r ig h tn e s s "  o f  a
so u rce  may b e  enhanced by th e  p re sen ce  o f a  mass betw een so u rce  and
o b se rv e r  as compared to  th e  case  where no such mass i s  p r e s e n t .
D efine th e  r a t i o  o f  th e  lu m in o sity  observed  w ith  th e  d e f le c to r  mass
p re s e n t  to  th e  lu m in o sity  w ith  th e  d e f le c to r  a b se n t as th e  a m p lif ic a t io n
f a c to r ,  " I " ,  The a m p lif ic a t io n  f a c to r  i s  c a lc u la te d  by comparing th e  
c ro s s - s e c t io n a l  a r e a s ,  a t  th e  o b se rv e r , o f  in f in te s im a l  b u nd les  o f  l i g h t  
ra y s  which sub tend  id e n t i c a l  s o l id  ang les  a t  th e  so u rce  in  th e  two cases  
to  be co n sid e red  (se e  F ig . 9 ) .  The u n iv e rse  i s  to  b e  re p re s e n te d  by 
homogeneous Friedmann d u st models in  th e  case w here no d e f le c to r s  a re  
p r e s e n t ,  and by inhomogeneous Friedmann models i n  th e  case where 
d e f le c to r s  a re  p re s e n t  -  th e  inhom ogeneities b e in g  d e f le c to r s .  In  
g e n e ra l ,  th e  observed  lu m in o s ity , i ,  i s  g iven  by th e  e x p re ss io n
0
where
L 5 a b so lu te  lu m in o sity  o f  th e  so u rc e ,
A = c r o s s - s e c t io n a l  a re a  o f  in f in te s im a l  bund le  o f  l i g h t  
ray s  a t  th e  o b se rv e r ,
Zg = r e d s h i f t  o f  th e  so u rce  w ith  r e s p e c t  to  th e  o b se rv e r .
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and
60g = s o l i d  a n g le  sub tended  a t  so u rce  by 6A.
T hus, acco rd in g  to  th e  d e f in i t i o n ,  th e  a m p lif ic a t io n  f a c to r  w i l l  be
g iv en  by
I  =
L 60sd
w here th e  s u b s c r ip t ,  d , r e f e r s  to  th e  inhomogeneous Friedm ann model.
6Aod
60
dS
F ig u re  9 , Bundle o f  l i g h t  ray s  p a s s in g  
n e a r  a  d e f le c to r .
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A m p lif ic a tio n  F a c to r  f o r  Imaging Rays 
P a ss in g  Through th e  R o ta tio n a l Axis
C onsider th e  c a se  f o r  which th e  i n f i n t e s i mal  bund le  o f  l i g h t
ray s  con n ec tin g  so u rce  w ith  o b se rv e r p a sse s  th ru  th e  r o ta t io n a l  ax is
o f  th e  d e f le c to r  (se e  F ig .  10). The a m p lif ic a t io n  f a c to r  i s  g iven  by
“ sd
o r  upon s u b s t i tu t io n  o f  50 = 5G6* by
( f ) ( l f )  ■
The problem , th e n , i s  to  c a lc u la te  5Y/60 and 4X/6ÿ. From F ig , 10, i t  i s  
a p p a ren t th a t
¥ - 6R^ t^  - |3| .
D if f e r e n t ia t io n  then  g iv es
«  = R r  -  R r60 s s  .s sd  60 *
which can be r e w r i t te n  as
H  = V s [ - ÿ ^ f ] -
Making use o f  th e  r e l a t i o n ,  h = R^r^0 , le a d s  to
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6Y
r=0 r= r
S ide view.
5X
«X
r=0 r= r r= r
Top view.
F ig u re  10. Bundle o f  l i g h t  ray s  p ass in g  th rough  
th e  r o ta t io n a l  a x is  o f  a  d e f le c to r .
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S im ila r ly  i n  th e  o rth o g o n a l d i r e c t io n
where
= V s  " V s d  ’
.
R , ,
dx d d
S u b s t i tu t io n  and rearrangem ent then  g iv es
i f - v s  •
Then by s u b s t i t u t i n g  f o r  6Y/60 and 5X /5ÿ, th e  e x p re ss io n  f o r  th e  
a m p lif ic a t io n  f a c to r  can b e  w r i t te n  as
I  = 1 ^d^d^sd 3 | g |  3hs
- 1
1 *d^d^sd 3 |g  
r_  3x
- 1
D efin ing  th e  q u a n t i ty ,  F , by
_ _ Vd'^sd
allow s th e  e x p re ss io n  f o r  th e  a m p lif ic a t io n  f a c to r  to  be  w r i t t e n  more 
compactly as
(V II -1)
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I f  d e s ir e d ,  F , can b e  w r i t t e n  in  term s o f  th e  r e d s h i f t s  o f  th e  
so u rc e , Z^, and d e f le c to r ,  Z^. For ex a n y le , i f  we have
s
which can b e  w r i t t e n  in  term s o f  r e d s h i f t s  as
2cF(Z) ( ■ ^  - Q
A n y lif ic a t io n  F a c to rs  in  th e  Case o f  P la te  D e f le c to rs
T h e -q u a n t i t ie s ,  3 ^ /3 h , and 3a /3x  w ere e v a lu a te d  i n  th e  p rev io u s
C h ap ter f o r  l i ^ t  p a s s in g  o u ts id e  th e  d e f le c to r ,  and i n  th e  ca se  o f
tra n s p a re n t^ ,  th ru  th e  d e f le c to r  (n o te  th a t  3 idl /3 h  = -  )3d/3h  |
and t l i a t '3 l  a | / 3 x  = 13a/3x | f o r  b o th  th e  in s id e  and o u ts id e  c a s e s ) .  By
s u b s t i t u t i n g  th e  a p p ro p r ia te  d e r iv a t iv e s  in to  Eq, (V II -1 ) , th e
a n q il l f ic a t io n  f a c to r  f o r  l i ^ t  p a s s in g  o u ts id e  th e  p l a t e  becomes
- 1
-  F^
4GM(a ) o
2 2 . 2  c a^ s in  y
In 1 +
a h ± n \
(V II-2 )
In  a s im i la r  fa s h io n , th e  a m p lif ic a t io n  f a c to r  f o r  l ig f i t  p a s s in g  through 
th e  p la te  may be  e:q>ressed as
49
1 + F
8Qi(a^)
2 2 . 2 c s in  y
In
- 1
(V II-3 )
8GM(a )
2 2 . 2  c a^ sxn  Y
where
q  = sxny X :o s^Y ^(l-e^ )s in ^y
Note th a t  f o r  l i g h t  p a ss in g  o u ts id e  th e  p l a t e ,  th e  amount o f  
" b rig h te n in g "  depends upon th e  p o s i t io n s  ( r e d s h i f t s )  o f  so u rc e  and 
d e f le c to r ,  and on th e  im pact p a ram e te r, h . However, f o r  l i g h t  p a ss in g  
in s id e  th e  p l a t e  and fo r  t h i s  p a r t i c u la r  assumed mass d e n s ity  o f  th e  
p l a t e ,  the  amount o f  "b r ig h te n in g "  depends only  upon th e  p o s i t io n s  o f 
so u rce  and d e f le c to r ;  i . e . ,  f o r  a g iven  so u rce  and d e f le c to r ,  th e  
a m p lif ic a tio n  f a c to r  i s  in d ep en d en t o f  w hat p o in t  on th e  p l a t e  th e  
l i ^ t  p asses  th ro u g h .
Imaging Rays P a ss in g  Through th e  Semi-M ajor 
Axis o f  th e  D e f le c to r
The a m p lif ic a tio n  f a c to r s  f o r  th e  case  o f  im aging ray s  p a ss in g  
through a r a d i a l  l i n e  o f  th e  d e f le c to r  o r th o g o n a lly  could  be found in  a  
manner s im i la r  to  th a t  used above -  a l l  t h a t  i s  n ec e ssa ry  i s  th e  d e r iv a t iv e s  
o f th e  a p p ro p ria te  bending  a n g le s . However, c a lc u la t io n s  have in d ic a te d  
th a t  f o r  th e  d e f le c to r s  we a re  u s in g  h e re  and f o r  so u rces  a t  r e d s h i f t s
50
l e s s  than, th r e e ,  l l ^ t  ray s  touch ing  o p p o s ite  p o in ts  o f  th e  d e f le c to r  
and  p a ss in g  th rough  th e  sem i-m ajor ax is  o f  th e  d e f le c to r  w i l l  n o t  c ro s s . 
Thus, a lth o u g h  i n  th e  g e n e ra l  c a s e , i t  w ould b e  p o s s ib le  to  s e e  fo u r  
images o f  th e  so u rce  ( f o r  s u i t a b le  a lignm en t o f  so u rc e , d e f l e c to r ,  and 
o b s e rv e r ) , on ly  two w i l l  be p o s s ib le  under th e  c o n d itio n s  co n s id e red  
h e r e .  S ince  we a re  p r in c ip a l ly  in t e r e s t e d  i n  th e  o b s e rv a b i l i ty  o f  th e  
«bùble im aging phenomena, and s in c e  fo r  o u r case  ray s  p a ss in g  through 
tiie  sem i-m ajor a x is  o f  th e  d e f le c to r  cannot c o n tr ib u te  to  th i s  
phenomena, th e  a m p lif ic a t io n  f a c to r s  f o r  t h i s  case  w i l l  n o t  be  e3 q > lic itly  
w r i t t e n  down h e re .
CHAPTER V III 
PROBABILITY OF SEEING DOUBLE IMAGES
In  C hap ters I  and I I ,  i t  was in d ic a te d  th a t  s u i ta b le  
p o s it io n in g  o f  d e f le c to r  and so u rc e  allow s an o b se rv e r to  se e  two images 
o f  th e  so u rce . Assuming f o r  th e  moment t h a t  th e  o b se rv e r has th e  a b i l i t y  
to  see  and re s o lv e  b o th  im ages, th e  fo llo w in g  q u e s tio n  may be  p u t  f o r th .  
For so u rces  o f a  g iv en  m orphology, and a t  a  g iven  d is ta n c e  ( r e d s h i f t )  
from th e  o b se rv e r , w hat f r a c t io n  may be ex p ec ted  to  p a r t i c ip a te  i n  the  
double im aging phenomena? I t  w i l l  be  th e  purpose o f  t h i s  c h a p te r  to  
answer th i s  q u e s tio n .
C o n s tru c t a  sp h e re , ab o u t th e  o b se rv e r , such th a t  a l l  so u rces  
ly in g  a t  r e d s h i f t ,  Z^, w i l l  l i e  on th e  sp h e re ’s  s u r f a c e ,  and assume 
th a t  th e  so u rces  a re  uniform ly  d is t r ib u te d  o v er th e  s u r fa c e .  Then, 
fo r  a  g iven  d e f le c t in g  mass ly in g  in s id e  t h i s  sp h e re , th e r e  e x i s t s  
an a r e a ,  ^oye^lap* th^  sp h e re ’ s s u rfa c e  such th a t  i f  a  so u rc e  i s  
lo c a te d  in s id e  t h i s  a re a  i t  w i l l  ead iib it th e  double im aging phenomena 
(se e  F ig , 11). Thus, the  f r a c t i o n ,  P , o f  so u rces  a t  r e d s h i f t ,  Z^, 
e x h ib i t in g  double images sh o u ld  b e  given by th e  r a t i o  o f  th e  t o t a l  
overlapped  a re a  (d e fin e d  as th e  sum o f  a l l  o v erlap p ed  a re a )  to  th e  a rea  
o f  th e  sp h e re ’s s u r f a c e ,  A^; i . e . ,
*■ = O v e r la p  •
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o v erlapZ=ZD e fle c to rO bserver
r=0
z = z : Z=Z.
S ide  view
T
Top view
F ig u re  11. O verlapped a re a .
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where means sum o v er th e  d e f le c to r s  c o n tr ib u tin g  to  o v e r la p . By 
c o n s u ltin g  F ig . 11, and assum ing th a t  th e  overlapped  a re a s  on th e  sp h ere  
a re  e l l l p t l c a l l y  shaped , th e  e x p re ss io n  fo r  th e  o v erlap p ed  a re a  can 
be w r i t te n  as
<*ow rlap>  “  •
The e x p re ss io n  f o r  P then  becomes
\rfiere ÿ I s  g iven  by
and where
The Im pact p a ram e te r, h ,  may b e  ex p ressed  as a  fu n c tio n  o f  "y” and "e"  as
h  = a  i^ o s ^  + ( 1-e^) s ln ^y  •
S u b s t i tu t in g  t h i s  I n to  th e  ex p re ss io n  f o r  0^ then  g iv e s
»4os^  + ( l - e ^ )s ln ^ i
y Rr
The bend ing  a n g le , Oy, above may be con v en ien tly  w r i t t e n  as
where
Oy -  (y) »
4GM(a )
O
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aad
s in y sxn
- 1 a  s in y  m
-  / Ï ? +a ^ s i n \ .  m
2a s in y  n
In 1+ ( ^ y
F ollow ing  a s im i la r  p rocedure  a llow s " x  to  b e  w r i t te n  as
*  ■ •  V s d \  >
where
f i  =  —Rr *
and
M y) — j (b -s in y )  In  (1 -s in y )  + (1+siny) In  (1+siny) 1 
s i i i  y ^  J
Ttie f r a c t io n  o f  so u rc e s  b e in g  seen  as double can now be w r i t t e n  as
[ v - « y ÿ ]  [ = * - V ï f }
o r  by s u b s t i tu t in g  f o r  8 and a  as
P - - J E
/  2 2 2~ a^ /co s  y + ( l- e  ) s in  y
Rr ■ r
sd
The number o f d e f le c to r s  in  a  s p h e r ic a l  s h e l l  o f  r a d iu s ,  r ,  
and th ic k n e s s ,  d r ,  i s  g iven  by
N (r )d r  = 4 ^  d r  .
Æ Êr^
(V I I I - 1)
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where p . I s  th e  co-moving mass d e n s ity  o f  d e f le c to r s  (g a la x ie s )^comovxng
S u b s t i tu t in g  = Pcomoving (V III-1 ) g iv es
N (r)d r  = od o Anr d r
<M >
/ l -K r^
Then by u s in g  s in y  as th e  random d i s t r ib u t io n  fu n c tio n  f o r  y and 
a llo w in g  th e  sums above to  become in te g r a ls  over v a r ia b le s  which a llow  
o v e r la p , P can be  w r i t t e n  as
P = Pod PoF^oIT
oP <M/a > o
(y)max fY=Ymax
/ 2 2. . 2 cos y + ( l - e  )sx n  y
Rr
Y=Ymxn
[ È - ?  A
s in y  dy d r
D efin in g  B" and "n by
and
Ï  •
_ ” o " " s d
”P” can b e  f u r th e r  r e w r i t te n  as
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P =
r= rmax
r= rmin
nr=Y max
[ /  2 2 ^  s in y /c o s  y + ( l - e  ) s in  y Y fy (Y ,e) nsinY]
Y=y.mxn
dyd (V III-2 )
And, t h i s  i s  th e  sought a f t e r  ex p ress io n  w hich g ives th e  p r o b a b i l i ty  fo r  
double im ages. I f  d e s ir e d ,  P can be ex p ressed  in  term s o f  r e d s h i f t s  by 
u t i l i z i n g  th e  fo llo w in g  r e l a t io n s :
R
= 1+Z ,
“ o“o (1+Z) [ vz + ( q -1) [ / î k 5 7 - i ] J  .
+sd “
Kr =
and
q / ( W Z j) Z
[ (2 q ^ - l) (Æ F 2 i^ +  (l-q^)(q.Za+l-q,) j
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Approximate E x p ressio n  f o r  F ra c tio n  o f  Sources Seen as Double
E xam ination o f  Eq, (V II I -2 ) ,  le a v e s  l i t t l e  hope f o r  a n a ly t ic  
e v a lu a tio n  in  th e  g e n e ra l c a se . However, f o r  th e  s p e c ia l  case  o f
an approxim ate e x p re ss io n  f o r  "P" can be  o b ta in e d  by assuming 
Y=7t/ 2 , and e  = 1, F or t h i s  s p e c ia l  case  th e  e x p re ss io n  f o r  *'P" 
s im p li f ie s  to
^oF <M/a > °o
■y=ir/2 max
cosy
Rr
“ e f , ( " / 2 ,0 )  
o : s
adn  min
( r  - r )
f« (ir/2 )
St'
r . s i n y  dy d r  ,
where y . i s  g iven  by man
cosy min
irBH^RrCr^-r)
2ÔT
C arry ing  o u t  th e  Y in te g r a t io n  and w r i t in g  i n  term s o f  r e d s h i f t s  g ives
P = -
•^oF
Z=Zs
( / i + z j  -  / i+ z )^
l-Bfjj(Tr/2) ( / ï î ^ l )
( / i+ z ^  - 1)2 ( i+ z) (1+Z) ^^2
- z=o ®
« ( / Î T z )  .
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and c a rry in g  o u t th e  "Z" in te g r a t io n  th en  g iv es  th e  fo llo w in g  approxim ate 
e x p ress io n  f o r  P:
P = . ! » â  A
“ of “  (W Z )3/2
3 ^
f g W 2 ) B ( / Ï F ^ l )  [d + Z g )+  |./IP Z g + lJ  
1—  ............
3780(1+Zg)^^^
, ( V I I I - 3)
where f^Xn/2) = 2 ln 2 ,  and B=1 to  1 ,5 , Assuming th a t  Pg^/p^p i s  u n i ty ,
P as a  fu n c tio n  o f  th e  r e d s h i f t  o f  so u rces  i s  p lo t t e d  in  F ig , 12.
Adding th e  assum ption  t h a t  P g j/P ^p^^ ( i . e . ,  h  o f  th e  g a la x ie s  a re  o f a 
type which c o n tr ib u te s  s ig n i f i c a n t ly  to  o v e r la p ) , app rox im ate ly  2% o f  th e  
sou rces se e n  a t  Z^=2 w ould b e  expected  to  be  double in  th e  c a se  j u s t  
co n s id e red . N um erical in te g r a t io n  o f  th e  g e n e ra l e x p re ss io n  Eq, (V I I I -2 ) ,  
in d ic a te s  t h a t  Eq. ( V I I I - 3) o v e re s tim a te s  th e  expected  n tm ber o f  double 
images i n  a  q^=^ model by a  f a c to r  o f  app ro x im ate ly  two.
FRACTION OF SOURCES AT EXHIBITING DOUBLE IMAGES
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CHAPTER IX
NUMERICAL DATA
From th e  r e l a t io n s  w r i t te n  down in  th e  p rev io u s  c h a p te r s ,  i t  
sh o u ld  now b e  p o s s ib le  to  make some s p e c i f i c  sta^^-ments concern ing  
th e  o b s e rv a b i l i ty  o f th e  double im aging phenomena.
N um erical in te g r a t io n  o f  Eq, (V I I I -2 ) ,  a llo w s th e  r e l a t io n  
betw een f r a c t io n  o f  so u rces  observed  as double and th e  r e d s h i f t s  o f  th e se  
so u rces  to  be  d isp la y e d  g ra p h ic a l ly  as i n  F ig . 13, 14, 15. In  th e s e  
g raphs i t  was assumed th a t  a l l  th e  mass o f  th e  u n iv e rse  i s  t i e d  up in  the  
d e f le c to r s  used  fo r  th e  c a lc u la t io n .  The v a lu es  o f  P may be  c o r re c te d  
by m u ltip ly in g  by th e  f r a c t i o n ,  f ,  o f  mass in  th e  u n iv e rse  c o n ta in e d  in  
g a la x ie s  w hich a re  reaso n ab ly  w e ll  re p re s e n te d  by th e  d e f le c to r s  used .
F ig u re  13 i l l u s t r a t e s  how th e  r e l a t io n  betw een P and i s  
a f f e c te d  by assum ing v a r io u s  cosm ological m odels. I f  = 0 .005  (as  i s
th e  case  i f  th e  mean m ass-energy d e n s ity  in  th e  u n iv e rse  i s  2 x 10
gm/cm ) ,  th e  p r o b a b i l i t i e s  o f  o b se rv a tio n  a re  r a t h e r  rem ote. However, 
i f  q^ = 0 .5 ,  as i s  in d ic a te d  by some observed  lu m in o s ity  r e d s h i f t  
r e l a t io n s ,  th e  p r o b a b i l i t i e s  o f  o b se rv a tio n  become s ig n i f i c a n t ;  f o r  
exanq>le, ta k in g  f  = ^  and B = 1.4 in d ic a te s  t h a t  abou t 3% o f th e  so u rces
a t  Z =2 cou ld  be ex p ec ted  to  be seen  as d o u b les .
2
F ig u re  14 i l l u s t r a t e s  th e  e f f e c t  o f  v a ry in g  B ( e s s e n t i a l ly  M/a ) 
on th e  r e l a t io n  betw een P and Z^. For la rg e  s p i r a l  g a la x ie s  s im i la r  to
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o u r own, B i s  app rox im ate ly  1 to  1 ,5 , So, f o r  = %& and f  = ^s, about
1 ,6  -  3 . 3Z o f  th e  so u rces  a t  = 2 could  be ex p ec ted  to  be seen  as double.
F ig u re  15 i l l u s t r a t e s  to  some e x te n t  how v a r ia t io n s  i n  th e  
a x ia l  r a t i o s  o f  th e  d e f le c to r s  may in f lu e n c e  th e  p r o b a b i l i ty  o f 
o b s e rv a tio n  f o r  a  — 0 .5  m odel. A c tu a lly , i n  t h i s  c a lc u la t io n ,  the 
d e c re a se  i n  F w ith  in c re a s in g  a x ia l  r a t io s  i s  p ro b ab ly  to o  s e v e re ,  s in c e  
in c r e a s in g  a x ia l  r a t i o s  h e re  m erely in c re a s e s  th e  minimum d is ta n c e  
betw een l i g h t  and p l a t e .  F ig u re  15 in d ic a te s  t h a t  doubling  th e  a x ia l
r a t i o  reduces th e  p r o b a b i l i ty  o f  o b se rv a tio n  by a  f a c to r  o f  abou t two
f o r  so u rc e  r e d s h i f t s  one. to  th r e e ,
Tn a l l  cases f o r  w hich reaso n ab le  v a lu e s  o f  B and q^ w ere 
assumed,, th e  p r o b a b i l i ty  o f  o b se rv in g  double im ages becomes s ig n i f i c a n t  
on ly  a t  co sm o lo g ica l d is ta n c e s ;  i , e , , a t  r e d s h i f t s  g r e a te r  th an  0 ,5 ,
F or a l l  p r a c t i c a l  pu rposes t h i s  r e s t r i c t s  th e  so u rc e s  th a t  m l ^ t  e sd iib it 
th e  e f f e c t s  d isc u sse d  to. q u a s i - s t e l l a r  o b je c ts  s in c e  they a re  th e  on ly  
o b je c ts  a t  co sm o lo g ica l d is ta n c e s  whose i n t r i n s i c  b r ig h tn e s s  i s  la rg e  
enough to  a llo w  o b s e rv a tio n ,
IVo o td ier q u e s tio n s  which a r i s e  re g a rd in g  o b s e rv a b i l i ty  a re  
w hether o r  n o t  th e  b r ig h tn e s s  o f  th e  two images i s  s u f f i c i e n t  to  a llow  
o b se rv a tio n  o f  b o th  im ages; and i f  s o , w hether o r  n o t  th e  a n g u la r  
s e p a ra t io n  o f  th e  two images i s  la rg e  e n o u ^  to  a llo w  re s o lu t io n  o f bo th  
im ages. The b r i ^ t n e s s  o f  th e  images r e l a t iv e  to  th e  b r ig h tn e s s  th a t  
would be o b serv ed  in  a  homogeneous Friedmann U n iverse  can be c a lc u la te d  
from th e  an q > lif ic a tio n  f a c to r s  d e riv e d  in  C hap ter V II  (Eqs. V I I - I I ,  
V I I - I I I ) ,  In  a l l  cases  in v e s t ig a te d ,  a m p lif ic a t io n  f a c to r s  w ere g r e a te r
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th an  one; i . e . ,  b o th  Images a re  b r ig h t e r  th an  th e  so u rce  w ould ap p ear
i n  a  homogeneous Friedm ann U n iverse . From th e  r e l a t io n s  w r i t t e n  down
i n  C hap ter I I  and th e  esqpressions f o r  th e  bending a n g le s  d e r iv e d  in
C hap ter V I, i t  i s  p o s s ib le  to  c a lc u la te  th e  an g u la r  s e p a ra t io n  o f  th e
two images when th e  im aging ray s  p ass  t h r o u ^  th e  r o ta t i o n a l  a x is  o f
th e  d e f le c to r .  When th e  c a lc u la t io n s  a re  done i n  a  = 0 .5  m odel, th e
a n g u la r  s e p a ra tio n  o f  th e  two images ranges from 0 . 1 to  app rox im ate ly
2 seconds o f  a r c .  The l im i t  on o p t ic a l  r e s o lu t io n  i s  about one seco n d ,
b u t  i f  th e  so u rces  happen to  be ra d io  e m i t te r s ,  th e  images co u ld  e a s i ly
(22)b e  re so lv e d  by lo n g  b a se  l i n e  rad io  in te r fe ro m e try  tech n iq u es  .
Some s e le c te d  r e s u l t s  o f  n um erica l c a lc u la t io n  g iv in g  a n ç l i f i c a t io n  
f a c to r s  and a n g u la r  s e p a ra t io n s  o f  images f o r  v a r io u s  p o s i t io n in g  o f  
o b s e rv e r , d e f le c to r  and so u rce  a re  p re se n te d  i n  T ab le  1.
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Table I .  A m p lif ic a tio n  F ac to rs  and A ngular S ep a ra tio n s  o f  Double 
Images in  a  U niverse w ith  U niverse
y(Kpc) Y(Rad) hj(K pc) Bj^(sec) hgXKpc) 02 (sec ) :2
Z^=0.1 and Z =0.5  s
1.72 1.5707 1.59 1.29 1.03 0.60 0.49 1.07
0.66 1.5 1.28 1.04 1.04 0.90 0 .7 3 1.05
Z^=0.1 and Z = 1.0s
2.59 1.5707 1.83 1.49 1.03 0.60 0.49 1.10
1.28 1.5 1.51 1.23 1.04 0.90 0 .7 3 1.07
Z^=0.1 and Z =1.5 s
2 .7 8 1.5707 1.91 1.55 1.03 0.60 0.49 1.10
1.46 1.5 1.59 1.29 1.04 0.90 0 .7 3 1.08
Z^=0.1 and Z = 2.0  s
2 .75 1.5707 1.95 1.59 1.04 0.60 0.49 1.11
1.48 1.5 1.63 1.33 1.04 0.90 0 .7 3 1.08
Z^=0.1 and Zg=2.5
2.64 1.5707 1.97 1.60 1.04 0.60 0.49 1.11
1.44 1.5 1.65 1.34 1.04 0 .90 0 .7 3 1.08
Zd=o.i and Z = 3.0  s
2 .52 1.5707 1.99 1.62 1.04 0.60 0.49 1.11
1.39 1.5 1.67 1.36 1.04 0 .90 0 .7 3 1.08
Z^=0.5 and Z = 1 .0  s
1.35 1.5707 2 .40 0 .6 7 1.06 0.60 0 .1 7 1.25
0 .8 8 1.5 2 .07 0 .5 8 1.07 0.90 0 .25 1.17
0.12 1.45 1.56 0.44 1.10 1.40 0.39 1.11
Z^=0.5 and Z =1.5 s
2.07 1.5707 3.24 0 .9 1 1.07 0.60 0 .1 7 1.55
1.55 1.50 2 .8 8 0 .81 1.08 0.90 0 .25 1.36
0 .7 3 1.45 2.34 0 .66 1.11 1.40 0.39 1.22
0 .11 1.40 1.94 0 .55 1.15 1.80 0 .5 1 1.16
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T able I ,  (Cont*d.)
y(Kpc) y(Rad) hj^(Kpc) Bj^(sec) I I h^CKpc) ggCsec) l2
Zd=0.5 and Z = 2 .0  s
2 .32 1.5707 3.64 1.02 1.07 0 .6 0 0 .1 7 1.83
1.81 1.50 3 .28 0 .9 2 1.08 0 .9 0 0 .2 5 1.51
1.00 1.45 2 .7 2 0 .7 6 1.12 1.40 0 .3 9 1.30
0.39 1.40 2.31 0 .6 5 1.15 1.80 0 .6 5 1.22
Z^=0.5 and Zg=2.5
2 .40 1.5707 3.89 1.09 1.07 0 .6 0 0 .1 7 2 .0 8
1.90 1.50 3.52 0 .99 1.09 0 .9 0 0 .2 5 1.63
1.12 1.45 2.95 0 .8 3 1.12 1.40 0 .39 1.35
0 .5 3 1.40 2 .53 0 .7 1 1.16 1.80 0 .5 1 1.26
Zj=0.5 and Z = 3 .0  s
2 .3 8 1.5707 4.06 1.14 1.07 0 .60 0 .1 7 2 .3 1
1.91 1.50 3.68 1 .03 1.09 0 .9 0 0 .2 5 1.72
1.16 1.45 3.10 0 .8 7 1.12 1.40 0 .3 9 1.40
0 .60 1.40 2.60 0 .7 5 1.16 1.80 0 .5 1 1.29
Z^»1.0 and Z = 1.5  s
0 .5 3 1.5707 1.48 0 .35 1.05 0 .60 0 .1 4 1.13
0.16 1.50 1.18 0 .2 8 1.07 0 .90 0 .2 1 1.09
Z^=1.0 and Z = 2 .0  s
1.06 1.5707 2 .36 0 .5 6 1.07 0 .60 0 .1 4 1.34
0 .68 1.50 2 .0 3 0 .4 8 1.09 0 .9 0 0 .2 1 1.23
7.2 1.45 1.52 0 .3 6 1.13 1.40 0 .3 3 1.15
Z^=1.0 and Z =2.5  s
1.32 1.5707 2.87 0 .6 7 1.08 0 .6 0 0 .1 4 1.59
0.95 1.50 2 .5 3 0 .59 1.10 0 .9 0 0 .2 1 1.38
0 .34 1,45 1.99 0 .4 7 1.15 1.40 0 .3 3 1 .23
Z^=1.0 and Z = 3.0  s
1.44 1.5707 3.20 0 .7 5 1.09 0 .60 0 .1 4 1.87
1.08 1.50 2.85 0 .6 7 1.11 0 .9 0 0 .2 1 1.52
0.50 1.45 2.31 0 .5 4 1.15 1.40 0 .3 3 1.31
6.00 1.40 1.91 0 .4 5 1.21 1.80 0 .4 2 1.22
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T able I ,  (C o a t 'd .)
y(Kpc) y(Rad) h^(Kpc) 8 ^ (se c )  I j  h^(Kpc) 82 (^60) %2
Z ,= l,5  and Z = 2,0  d s
0 .1 2  1.5707 0 .8 2  0 .19  1.05 0 .6 0  0 .1 4  1.06
Z ,=1.5  and Z =2.5  a  s
0 .51  1.5707 1.55 0 .36  1 .07 0 .6 0  0 .1 4  1 .18
0.19  1.5 1 .25 0 .29  1.09 0 .9 0  0 .2 1  1.13
Z .=1.5  and Z =3.0  d s
0 .7 4  1.5707 2 .0 2  0 .4 7  1.09 0 .6 0  0 .1 4  1.31
0 .42  1 .50 1 .70 0 .4 0  1.11 0 .9 0  0 .2 1  1.22
Z = 2 .0  and Z = 3 .0  d s
0 .20  1.5707 0 .99  0 .2 4  1.06 0 .60  0 .1 5  1.10
CHAPTER X
SUMMARY
As s t a t e d  in  C hapter I ,  th e  purpose o f  t h i s  p ap er h as  been to  
in v e s t ig a te  th e  p o s s i b i l i t y  o f  ob serv in g  phenomena a r i s in g  from s p i r a l  
o r  f l a t  e l l i p t i c a l  g a la x ie s  a c t in g  as g r a v i ta t io n a l  le n s e s .
This in v e s t ig a t io n  has been undertaken  by approxim ating  
g a la x ie s  by f l a t  p la te s  o f  a p a r t i c u la r  mass d e n s ity ,  and by assuming 
t i ia t  th e  g r a v i ta t io n a l  f i e l d  o f such an o b je c t  i s  weak enough to  allow  
th e  a p p lic a t io n  o f  th e  l in e a r iz e d  theory  o f  g e n e ra l r e l a t i v i t y .  Under 
fdiese assum ptions, the  bending form ulae fo r  l i g h t  p a ss in g  n e a r  th e  p la te s  
in . two s p e c ia l  cases  were o b ta in e d  -  f o r  l i g h t  p a s s in g  th rough  the  
r o ta t io n a l  a x is  o f  th e  p la t e  m odel, and fo r  l i g h t  m eeting a  r a d i a l  l i n e  
of: th e  p la te  o r th o g o n a lly  (see  F ig s , 6 and 8 ),
With th e s e  bending form ulae i t  was th e n  p o s s ib le  to  d iscu ss  
c e r ta in  s p e c i f ic s  o f  th e  double im aging phenomena a s s o c ia te d  w ith  one 
o f  th e se  p la t e  d e f le c to r s .  In  p a r t i c u la r ,  we have a ttem p ted  to  o b ta in  
an e x p ress io n  f o r  th e  p r o b a b i l i ty  t h a t  a  double im aging e v e n t occurs fo r  
so u rces  lo c a te d  a t  a  g iven  r e d s h i f t .  The ex p re ss io n  we o b ta in e d  In d ic a te s  
th a t  th e  double im aging depends upon th e  r a t i o  o f  mass to  sem i-m ajor a x is  
squared  fo r  th e  d e f le c to rs , ' upon the  f la tn e s s  o f  th e  d e f le c to r s ,  iq>on th e  
f r a c t io n  o f  g a la x ie s  in  the  u n iv e rse  w ith  th e  re q u ire d  f l a tn e s s ,  upon 
th e  r e d s h i f t s  o f  th e  s o u rc e s , and upon th e  o v e r a l l  s t r u c tu r e  o f  th e  
u n iv e rse . Choosing d e f le c to r s  w ith  masses and sem i-m ajor axes s im i la r
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to  o u r cwu g a laa y  e f f e c t iv e ly  e lim in a te s  g a la x ie s  w ith  a x ia l  r a t io s  
g r e a te r  than  ab o u t 1 /6 . I h is  i n  tu rn  means t h a t  th e  ca n d id a te  g a la x ie s  
f o r  d e f le c to rs  m ust be  m ostly  s p i r a l s .  About 77% o f  th e  b r ig h t  g a la x ie s  
i n  th e  u n iv e rse  a re  s p i r a l s ,  b u t  when th e  dimmer g a la x ie s  a re  a lso  counted 
th e  f r a c t io n  drops down to  as low as 37% -  we used  50% i n  most o f  our 
e s tim a te s .  U sing such  numbers we c a lc u la te d  th e  f r a c t io n  o f  double images 
exp ec ted  as a  fu n c tio n  o f r e d s h i f t s  o f  so u rces  and as a  fu n c tio n  o f  th e  
cosm ological m odel. For a l l  cosm ological m odels, on ly  so u rc e s  a t  red ­
s h i f t s  g r e a te r  th a n  abou t 0 .5  could  be  exp ec ted  to  have a  reaso n ab le  
p r o b a b i l i ty  o f  e s d iib it in g  double images -  t h i s  e f f e c t iv e ly  reduces th e  
can d id a te  so u rc e s  to  Q SS 's. We a ls o  found th a t  th e  p r o b a b i l i ty  o f 
expected  double so u rc e s  depends s tro n g ly  upon th e  cosm ological model.
F or a model whose mean mass d e n s ity  co rresponds to  th e  observed  mass 
d e n s ity  o f  g a la x ie s (q ^ = 0 .00 5 ), a  maximum o f  about 0.09% o f  th e  so u rces  
a t  r e d s h i f t  two cou ld  be  expected  to  be  d o ib le , b u t  i n  a  model w ith  
q^= 0 .5 , th e  num ber i s  in c re a se d  to  a  maximum o f  about 5%. th u s ,  i f  a  
la rg e  number o f  double QSS's a re  o b serv ed , th e  im p lic a t io n  would be th a t  
th e  mean mass d e n s ity  o f  th e  u n iv e rse  i s  a c tu a l ly  g r e a te r  than th e  
c u r re n t e s t im a te  o f  2x10 gm/cm^.
I t  i s  n o t  enough th a t  th e  double images e x i s t  -  they  must a ls o  
b e  o b se rv ab le . T hat i s ,  th e  images must be  b r ig h t  enough to  be seen  and 
th e  an g u la r s e p a ra t io n  must be s u f f i c i e n t  to  allow  r e s o lu t io n s .  A ll o f  
o u r e s tim a te s  i n  t h i s  re g a rd  w ere f o r  th e  s p e c ia l  case  o f  th e  im aging rays 
p a ss in g  th rough  th e  r o ta t io n a l  a x is  o f  th e  d e f le c to r  and a re  th e re fo re  
somewhat l im i te d ,  b u t in  a l l  s p e c i f i c  s i t u a t io n s  in v e s t ig a te d ,  the
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a n p l i f i c a t io n  f a c to r s  f o r  th e  two images w ere found to  b e  g r e a te r  than
one. T his im p lie s  t h a t  i f  th e  so u rce  i t s e l f  i s  o f  s u f f i c i e n t  i n t r i n s i c
b r i e f n e s s  to  be  o b serv ed , th en  b o th  images would b e  b r ig h t  enough to
be observed . The a n g u la r  s e p a ra t io n s  o f  th e  two images a re  f o r  the
most p a r t  below th a t  a llo w in g  o p t i c a l  r e s o lu t io n  ( i , e , , le s s  th a n  one
second o f  a r c ) , b u t  sh o u ld  be a c c e s s ib le  by lo n g  b a s e - l in e  ra d io
in te r fe ro m e try  te c h n iq u e s . Perhaps t h i s  could e x p la in  some o f  th e
ap p aren t double so u rce  c o n f ig u ra tio n  o f  c e r ta in  QSS's when they  a re
( 22 )observed u s in g  th e se  tech n iq u es
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APPENDIX
The E v a lu a tio n  o f  3a /3x j f o r  L ig h t P a ss in g  Through
th e  F l a t  P la te  Model
S ince  a  . (x=0) i s  n o t  a fu n c tio n  o f  x , th e  d e r iv a t iv e  p*l*
3 a /3 x j^ g  cannot be  e v a lu a te d  d i r e c t ly .  We w ish to  dem onstra te  h e re  t h a t  
Eq, (V I-4) i s  in d eed  an a p p ro p ria te  e x p re ss io n .
Begin w ith  th e  g e n e ra l e x p re ss io n  fo r  th e  ben d in g  o f  l i g h t  
p a ss in g  n e a r  a  r in g ,  Eq. (V -2),
(ji=2
_________ (acos(^-x) i  + (asin«^cosY-h) P ,.
2 2 2  2 2 2  X +h + a -2 a (x co s^ + h c o sy s in ^ )-a  s i n  y s in  ÿ
*=0
L e tt in g  ? (h ,x ,a ,4 » ,y )  r e p re s e n t  th e  in te g ra n d  of th e  above e x p re ss io n , we 
can w r i te  th e  g e n e ra l bend ing  form ula f o r  l i g h t  p a s s in g  n e a r  a  p la t e  o f
-V _ 4GM(a)da
s u r fa c e  mass d e n s ity  o ( a ,a ^ )  as
a_ ,  (x ,h )  = ^  
c* p .i.
a=am
a a (a ,a ^ )d a
a=0
ô-2w
?Ch,x„,a,<|>,y)d(J> (A-1)
$=0
From th e  r e s u l t s  o f  C hap ter V, Eq. (V -7 ), we know th a t  i f
3h
2ir
î ( h ,x ,a ,* ,y ) d * = g (a ,y )  P , (A-2)
x=0
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where g i s  some fu n c tio n , then
3
3x
2 n
f ( h ,x ,a ,* ,y ) d *  > = -  g(a,Y ) P .
x=0
(A-3)
Taking th e  d e r iv a t iv e  o f  Eq. (A-1) w ith  r e s p e c t  to  h  and e v a lu a t in g  a t  
x=0 g iv es
3a
3h
p.i.
ra=am ra=am
=  P ^  
2x=0 c
aa(a,a^)g(a,Y )da +
c
■a=0 a=0
a 3 o (a ,a ^ )
da X
. 3a (x ,h )  ,
f ( h ,o ,a , 9 ,Y ) #  + ----- ^ ------- ~2
$=0
<t=2lT
l(h,o,a,<^,Y)d<^
^=0
To s im p lify  f u r th e r  c a lc u la t io n s ,  l e t
c
a=am
ao(a ,a^)g(a ,Y )da  ,
a=0
AG
'2  -  2 
c
a=am a d a (a ,a  )ID
3h da
a=0
(^2ïï
l(h,o,a,«J),Y)d«i> 
<ji—0
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and
^  aa_^(x,h)
■’ 3  5h
4G
4^=2if
*=0
so , th a t  we can w r i te
3a
3h x=0
J l?  +  J 2 +  J 3 •
can be  s im p l i f i e d ,  by p erfo rm in g  th e  ^ in te g r a t io n  as i n  C hapter V 
(see  Eq. (V -3 )) . Doing so  g iv e s
-> -SitG ^^m 
•’ s  '  T -  3h -------------------------------C
* t a )  +
(-P) .
Now, f o r  l i g h t  p a s s in g  througjh th e  p l a t e ,  o (a )  i s  g iven  by
a ^ (a )
ira .
+ / a  ^ a^m (A-4)
th e re fo re ,  a  (a  , a  ) = 0 , and J_  v a n ish e s . In  a  s im i la r  m anner, J» can m m  j  ^
be s im p l i f ie d  to
-+
J . 2
a=am
a3o ( a ,a  ) m
3h da a
a=0
(-P) ,
+ s i n \
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which upon rearrangem ent becomes
8itG
•’2 ' T -C
a=a
®3<j(a,a )d da
dh
a=0
(-P ) .
+  s in \^
In  o rd e r  to  f u r th e r  reduce J 2 , th e  q u a n t i ty ,  9 a ( a ,a ^ ) /3 h ,  
i s  needed. Now, a  i s  g iven  by (A -4 ), so d i r e c t  d i f f e r e n t i a t i o n  g iv es
3 o (a ,a ^ )
3h
M(a^)
ira
3am
A 2 2 a - a  m
3h
and s in c e  a  i s  r e la te d  to  h by in
a  =
^ 2 2
s in  Y ( l-e  ) + cos y
we: have th a t  3a/3h  i s  g iven by
3 o (a ,a ^ )
—
MCa.)
ira
m / 2 2 2 s in  y (1 -e  ) +  cos y
S u b s t i tu t io n  th en  allow s to  be  w r i t te n  as
8irGM(a^)
2 2 / .  2 7 , 2T ~  2~c a  / s i n  y (1 -e  ) + cos y
a=am
ada
a=0
/  a  / ( i ^ a ^ s in Sm
(-P)
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C arry ing  o u t th e  in te g r a t io n  th en  g ives
8GM(a ) a  slncy
^2  “  2 2 . 2  c s in  Y
m s in -1
a sinY m
L /
2 2 2 h +  a  s in  Ym
S u b s t i tu t io n  th e n  allow s th e  e x p re ss io n  f o r  3a /Bh to  be  w r i t te n  as:
&
9h
= 46
x fO
a=am
a (a ,a ^ )g (a .Y )d a
2GM(a)
°  s in
a=0
2 , 2  a^ s in  Y
a siTiY m I .
2 2 
•+a s in  Y J  m
Now comparing t h i s  e x p re ss io n  f o r  B a^ /B h j^ g  to  th e  one o b ta in ed  by 
d i r e c t  d i f f e r e n t i a t i o n ,  Eq. (V I-3 ) ,
Bh
8GM(a^)
-  "  2 2 , 2  x=0 c a^ s in  y
a  siUY m , —1s in
a sinY  m
- / i i ^  2 . 2  +  a  s in  Y in
y 1 +
/ a  sinY \  ^
M  . ( -P ) .
im p lie s  t h a t
46
a=am
ao(a ,a^ )g (a ,Y )d a
a=0
46M(a^)
2 2 , 2  c  a^ s in  y
In 1 + ( ^ 4 = )
21
(A-5)
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Taking th e  d e r iv a t iv e  o f  (A-1) w ith  re sp e c t to  ' V ,  e v a lu a tin g  a t  x=0 
and making use o f  (A—2) and (A—3 ) ,  we f in d  th a t
3ap . l .
3x x=0
c 4G 
e
aa(a ,a^ )g(a ,Y )da , 
a=0
b u t  t h i s  in te g ra n d  has j u s t  been  ev a lu a ted  (Eq. (A -5 )); th e r e f o r e .
3aP.x .
3x x=0
4GM(a^)
2 2 , 2  c a^ s in  Y
In 1 + ( ^ ) ( -1)
